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Signals and Systems

Lecture 1-2
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Elementary Signals

» Exponential Signals
« Sinusoidal Signals

» Exponentially Damped Sinusoidal Signals

« Step (Function) Signals
* Impulse (Function) Signals

* Ramp Function of Unit Slop
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Exponential Signals

x(t)=Ae"

a < 0 : Decaying Exponential Signal

a > 0 : Growing Exponential Signal

e = 2.71828183...
=1

e' =2.71828183...
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(a) Decaying exponential form of continuous-time signal.
(b) Growing exponential form of continuous-time signal.




= Example:
3 Lossy capacitor, with the loss represented by shunt
resistance R.
V(1) = % [ i) de I
i =C < v
et
d
wv(t)=—i(t)-R=—-RC—v(t) *
dt
vit) —=C R
RCiv(t) +v(t)=0
dt 0!
v(t) =V, e 1(RO) B
5
: &
o

(a) Decaying exponential form of discrete-time signal.
(b) Growing exponential form of discrete-time signal.
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Sinusoidal Signals

x(t) = Asin(ot + 9)

A: amplitude
@ angular frequency(radians | SeC)
@¢. phase

/N SN/

RV RV
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude
@ angular frequency(radians | SeC)
¢. phase

AN N/

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude

@ angular frequency(radians | SeC)
@¢. phase

SN SN/

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude
@ angular frequency(radians | SeC)
¢. phase

/NN /

RV

10
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude

@ angular frequency(radians | SeC)
@¢. phase

/N SN\ /S

RV

11
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude
@ angular frequency(radians | SeC)
¢. phase

AN

RV

12
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude

@ angular frequency(radians | SeC)
@¢. phase

/N SN/

RV

13
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Sinusoidal Signals (cont.)

x(t) = Asin(ot + ¢)

A: amplitude

@ angular frequency(radians | SeC)
¢. phase

/NN /

% \/
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> o
e & Phasor and Sinusoids
15
> o
e & Phasor at 45°

B
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s Phasor at 90°
s Phasor at 135°

SeaAAY!
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> 0

s & Phasor at 180°
D /
D

5 Phasor at 225°

) [
S

D




r O
s & Phasor at 270°
s Phasor at 315°

S
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(a) Sinusoidal signal A cos(wt + @) with phase @ = +n/6 radians.
(b) Sinusoidal signal A sin (wt + @) with phase @ = +x/6 radians.

> o
e & Phasor at 360°
0=360° ¢
23
: o/
> 30 (T =0.1 sec., ®=2n/T=207)
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Triangular Function
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cos(d) = a
C
sin(9) =2
C
C
b
0
a
tan(g) = 309 _be _
cos(d) ca a
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Sinusoidal Function
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O=wt (redians=

w. 2xlT
. 0 ~ 2n
t: 0 ~ T
T: Period (

)

redians

Sec)

Counter-clockwise
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Sine

x(t)=9n(wt)

[N\ )

NI

0=wt=

i\/

0

O=wt=2r
27
=—(2

e

T=2

23\/4SEBC

t

Cosine

A\

x(t) =cos(w?t)

[N\ /S

NV

t
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s & Cosine with Phase

?E Time scaling and shifting 2?7?77
Ol SN N\ [/
Nl SN

—  coS(wt+d)
Cosine ty =7
> O
s & Cosine with Time Shift

x(t—t,) =cos(wt+¢@

S {\/A\/f

4>|>1

Cosine ty =7

a)td :7td =

NGRS
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Cosine with|Time Shift (Cont.)

~

/N /

A

-

4>

4 ‘

ST N

x(t—t,)=cos(w(t—t,))=cos(wt—wt,)

= CcoS(wt + @)

31
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ot=7n/2;t=T/4

ot = 3n/4 ot = /4

t=3T/8 t=T/8
ot=0

ol=rx a);‘\ t=

t=T/2 ot=2n
t=T

ot = 5n/4

t=5T/8 ot = 7n/4

ot = 3n1/2 t=7T/8

t=3T/4
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%.
S =TT
& Parallel LC circuit, assuming ideal inductor L and capacitor C
( )
d? . . d
S LC—v(t)+v() =0 iy =C - vi1)
dt !
solution : +
= >
v(t) =cos(wyt), t=0 u(f) I L
o — 1
° JLc -
33
e
2

v(t) = % [ ity dr=i(0)= C%v(z‘)

d o1 d(cd ) o_red,
v(t)=—LEz(t)— Ldt(cdt (t)j LCdt2 ()

2

d
L (1) + () =0

L Y
i =0C = v
dr

solution .
W(e) = cos(yt), >0 ’
Wi
0=
JLC -
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LCs®*+1=0,
= LCs*=-1, =s° =i,z>sziji

solution :
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Discrete-time sinusoidal signal
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T 111 A
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> 0
° Sinusoids & Complex Exponential Signals
Euler’s Identity: ‘ _
e’? = cos(@)+ jsin(6)
Complex Exponential Signal:
/%) = cos{wt + @)+ jsin(wt + ¢)
- Rele’ )| = cos{wt + ¢)
. o)\ _ o
- I = sin(at + ¢) ;
P
e Sinusoids on the unit circle
]En VA . T [iviagdnraiyy mins
e* =co§ —n |+ j3n(—n o
{4 j J (4 ) Linit circle
i = -i”.-""-- 1 --.{xn. =
n=4 | e \ nei Eeal ax
"".‘_ -__n'.l
-_ “'”""ﬁ-. ...__:I:; =t
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> Q
2 Exponentially damped sinusoidal signal
& (Ae’msin(wt),withA:GO and o=6.)
;I:Il a5 2
> Q
= Parallel LRC circuit, with ideal L,C and R
5 )
1 ¢
e d
I CY S
=
dvit
+ C _l _l
et R
vir) < L — R
&




z O )
§J C—dv(t)+@+lj v(r)dr =0
9 d R LI
=) : ,
C dv gt) —+—i (o) +1v(t)r =0
dt R—dt— L

Solution :

t

v(t) = Vye 25 cos(myt), >0,

a)_\/l_ 1
°* VLC 4C?*R?
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The unit-step function of unit amplitude
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Continuous-time Step (function) Signal

( )

1, t=0
”(t)z{o £<0

[TIfa]

Ll
42
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Discrete-Time Step Signal

Discrete-time Step (function) Signal

( )
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The difference of two step functions:

Note that x(t) = X,(t) — x,(1).
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The difference of two step functions:

Note that x[n] = x,[n] — x,[n].

x[n]

‘ge1 dsd ® opny

&
Example:
(a) Series RC circuit with a switch that is closed at time t = 0, thereby energizing the
voltage source.
(b) Equivalent circuit, using a step function to replace the action of the switch.
|:_.||n||_'
swilch 1 |
at =1 : [ 1 B
1
—t e —AA ,
'.Il. 1 :
voltuge £ ! . F o 1 —_
SOWMOE = : { T II v : LT .
."lll : :
! 1
{a) il
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> ‘_'?,.)
2 Discrete-time form of Impulse
3 0
o= "
O, n=0
din] or J[n]
| []“'
i ] L ik i} £ ik ] i
4 =3 =2 I 0 I 2 3 4 "
: O
2 Continuous-time form of Impulse
& 1 ) ) o) = IA'LTJ5A (®)
i, —4<r<+4
5 t) = A 2 2 +00 _ _
20 {O, others o(r): .Lo o)y dr=1 1=0
0} t#0
SA( t ) t=0 ( = 1)
l 1 1ea =
- A " ia = Sligigzh =
H
Las2! a2 .
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"""" o(t) vs. u(t)
Unit-step function 1 t>0
u(t) = { J
0, t<0

Continuous-time Impulse function

u()=|[" 8(r)dz

d d
Eu(t) =) 6(r) dr =56(1)

t t>0
I o(r)dr = .
—® 0, <0
t <0 t>0
o<t<t 00<‘C<t5(z_)
\ L i i ......
T T
{t{ ‘ {t 49
P
: t t>0
S =T 20 o | 5(7)6112{1'
0, <0 - 0, t<0

50




5(t)
)
tO
t: X( (t _to) t
d 51
| : )0,
y . x(2,
g =1, ; _to
o - |
g 00 X(t) :1) (t) 7
| L. = |
SA(t x(to) to
X(t)
=t,
>‘-E}t_

= )
x(t,
( l‘o) dt

[ —

5

x(1)

o)
o(t—t
x(1)

x(t)-
)]

)
tO
(-
)&
(¢

X
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P
5(t)
g 1
o(at)==05(1), a>0
a
1 —é<t<+— 1 —A<t<+—
co () =1A" 2 2 ; noat)=<A"  2a a
0, 0,
1
area of 0,(t) =1, area of 0, (at) =—
a
no()= IAiLT(} 0,(t) = LiLTg a-o,(at)= a-lAiLnO o,(at)=a-5(at)
1
o(at)==05(t) o
a
P
%
g Steps involved in proving the time-scaling property of the unit

impulse

(a) Rectangular pulse x, (t) of amplitude 1/A and duration A , symmetric about the
origin.

(b) Pulse x, (t) compressed by factor a.

(c) Amplitude scaling of the compressed pulse, restoring it to unit area.

vl ¥ [ar) al A
1A IFA i
Aiea = | Anea= o e =
o e : -~
I ] I
] K] 1k
la— pA—= b= A == fa— Al —=
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d[n] Convolution Sum

h[n]

X[n]
d[n]

+00

x[n] = Z x[k] O[n—k]

k=—o0

y[n]

+00

vinl= ) k] hin—Kk]

k=—0

Convolution Sum s
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o(t)  Convolution Integral

h(t)

X(t)
3(t) ;

x()) =] x(c) 8(t-7) dz

y(t)

y(@0)= [ x(@) h(t-7) dz

Convolution Integral s




x[n] = +2.05[11 —kN|

:
5(Q)
X(e™) = f&(@—znk)
X (™)
Ifiz lﬂ' 0‘ 2[[ 4![
:
3[n]

58




‘qe1 dsd ® opny

&/

Example:

(a) Parallel LRC circuit driven by an impulsive current signal.

(b) Series LRC circuit driven by an impulsive voltage signal.

! C
THi
+
f..ﬂl-'-‘lf_f} L CH R vith  Vgdir) K
or or
1,0(t) Voo (2)
[k sl

59
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5[n]

only for n =k, 8[n-k] = 1.
x[n]-o[n—k]=x[k]-O[n—k] = x[k]

60
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5[N]
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x[n]*o[n—n,] = io: olk —ny] x[n—k]

wk =ny only,

x[n]*o[n—ny] = x[n—n,)

¢

5(t)
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xX(1)-8(t—7) = x(¢)-5(t —7)

62




: O
3(1)

() *8(t—to)= [ 8(z—1,) x(t—7) dr

T =1, only,

1
x(8)*S5(t—1t,) = x(t— tol'fw or—t,) d%): x(t—1,)
AR ol 63
: O
2 Ramp function of unit slope
S )
r(1r)
>
(1) g Unit slope
0, <0

Time t
)]
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(b) Equivalent circuit replacing the action
of opening the switch with the step

function u(t).

de
CUrmeEne
BT
||I|

eie)

1
S
o
QUO ( Wb
) 1 +
2 de |
QD
g curment T o
AOUTCE T
||I|

(a) Parallel circuit consisting of a current Z{"w””':l-' 1

source, switch, and capacitor, the e ITL

capacitor is initially assumed to be ate=1

uncharged, and the switch is opened at HY

time t=0.

Y Enrnivialant Airanit ranlanina tha Aantinn "-_Il:l

L 4+
eie) C == vil)
(5
65
&
( ) Wb

N

{ e il

Swilch

is opened
ae=1l
Y
FEd]
= 4
[ == vil}
(5

66
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w(t) = % [ i(r)dr= % [ Usu()dz

Lo, 4>0
=< C
0, t<0

:I—Cotu(t) =]E°r(t)

67




