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Lecture 2-4

Linear Time-Invariant System
(LTI System)
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: d’y(t) , dy(t)
i + +y(t)=0
dt? dt Y
y(t) =ce™ +c.e?'
r’+r+1=0
. _-1+jV3
2
(mﬁ]t [11@}
yt)=ce ° ’ +ce °?
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. Solving Differential Equation

(Homogeneous Equation) :

(

N dk .
Da, Wy( '(t)=0

k=0

(Homogeneous Solution):

N
YO =c e
i=1
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r .

(Characteristic Equation)
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ZN:ak r=0
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Solving Difference Equation
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(Homogeneous Equation) :
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N
>, y"[n-K] =0
k=0

(Homogeneous Solution):

N
y®Inl =2 ¢
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S I (Characteristic Equation)
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R0
|w)
$  EX2.17 RC circuit  x(t) y(t)
QD

R

x(1)
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&’ Zak gt" yW(t)=0

Solution:
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d
¥+ R C 50| =X,
Homogeneous Equation:
y(t) + R(C%y(t)j =0, = a,=1 a=RC

Characteristic Equation:

1

1
r“=a,+ar=1+RCr=0, ..r=——
kZ_joak 3 +ay C

Homogeneous Solution :

t
YO0 =ce' =ce :
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EX2.18
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N
> a, y"In-K =0
k=0

yin] - pyin-1 = X{n]
yin]-py[n-14=0, a,=lLa=-p

aff+a,=r—-p=0,
r=p.

n

y"[nl=cr"=cp .
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? Particular Solution
° y(p)
° y(p)
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EX2.19

yinl-pyin-0=xn], if Xn]=(1/2)"
Solution:

(p) _ i "
y nﬂ—c{zj,

C (%n— C (Ejn_l—(%n multiplying (EJ_nto all terms
Pl2) P2 2)’ 2 '

-1
Cp—pcp(%j =1, =c,(1-2p)=1 .'.cp:L

1-2p
1 (1)
~yPnl=—— 2,
yP[n] 1_2p(2]
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1 1 1

if p=1/2case, y(p)[n]ch(aj =W(Ej :
-2p

we cannot find a c, to satisfy the above condition.

(p) _ 1 "
y [n]—cpn(z] |
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Solution:
1 n
y( p)[n] = Cpn(aj ,

1 n 1 n-1 1 n
enl3) rea3f3) (3]

~c,n=2p(n-Yc, =1 =c,(n-2np+2p)=1
1
.C, =
" n(l-2p)+2p

. (P _ 1 1”
Y [”]‘(1—2p)+2p(2J

= c,[n(1-2p) +2p]=1,
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g EX2.20 RC
3 X(t) = cos(w,t)
R
——A——
_l_
.xfrj<f> @ Co= 1)
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e d
& o y(t)+ RC— y(t) = x(t),
g YOrRCGYD=XO e x(t) = costont)
s Particular Solution:

y'P(t) = ¢, cos(wpt) + ¢, Sin(at),
¢, Cos(@t) + ¢, Sin(wgt) + RC[- ¢, SiN(awgt) + C,, cOS(et) ]
= COS(@,t)

= cos(myt)[c, + RCc,m, |+ sin(wyt)[c, — RCc@, | = cos(@yt),
{Cl +RCc,m, =1

c,-RCcw, =0
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¢, + RCc,m, =1
¢,— RCcw, =0
¢ = 1 RCaw,

—_—, C - @ @~
1+(RCw, " ° 1+(RCw,)

Particular Solution:

yP(t) = Y sin(egt)

__RCwy _
1+(RCaw,)

T (Rea ¥ (RCo, cos(aw,t) +
0
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? Complete Solution

Procedure:
1. y®
2. y(S)

3. y=yP+y®
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= EX2.21
) y[n]—%y[n—l]=x[n], if Xn]=(/2)"u[n], and y[-1] =8
1 1
n]——y[n-1] =0, =lLa=—-
y[n] 4y[ ] &H=la=-7
1 1
a0r+a1_r——=0 .'.r=—.
1
Mnl=cr _c(—)
y"[n] = 2
gy Audio & DSP Lab.

1 n
in=cf3)
1 n 1 l n-1 1 n . . 1 -n
CP(EJ _ZCP(EJ :(E)’ multiplying (Ej to all terms,

cp—lcp@] =1, :cp(l—%):l_ SCy=—m7=2

4 e

. y(p) _ l n_ 1 "
Y [”]_C"@ ‘2@’
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(Complete Solution):

— v (p) — l ” 1 ”
=yl -y [n]—c@ +2[2j

y[0] = x[0]+%y[—1] =(1/2)°+%(8) =1+2=3,

SORERE

nc=1

~y[n = Gjn - 2[%Jn, vn>0
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EX2.22 RC
X(t) = cos(t)u(t) R=1Q C=1F
y(0-)=2
R
—AM——

.xfrj(f) @ C== v

22




‘qen 4sd ® olpny

y Audio & DSP Lab.

Homogeneous Solution

1
y"(t)=ce'=ce R

Particular Solution:

RC )
P (t) = cos(t) + ————sin(t
yro 1+(RC) O 1+(RC) ®
Complete Solution: R=1,C=1, 0,~1

.1 1.
y(t)=ce +§cos(t)+§sm(t)
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.~ initial voltage: y(0") = y(0") =2,

o1 1. 1
2=c%) 4+ Zcos(0")+=sin(0")=c+—,
> s(07) > (07) >

3
C=—
2

Complete Solution:

3 1 1.
t)=—e +—cos(t) +—sn(t
y(t) > > S(t) > (t)

24
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Equations
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(Natural Response):

. Dy

(Forced Response):

o y®
Yy = y(n) + y(f)

Differential and Difference

?

25
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(Block Diagram)

‘ge1 dsd ® opny
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o
R0
8 t
K IO— YO X@ydr
g:_ — ] — [ ]| p—— I —
- [ LTS o = ain] + s
ki wlu] mex]u] . |
| — B — e |
wE]
imi i i
Symbols for elementary operations in block diagram descriptions of systems.
(a) Scalar multiplication.
(b) Addition.
(c) Integration for continuous-time systems and time shifting for discrete-time
systems.
27
;5; ‘.‘q} Audio & DSP Lab.
o
R0
|w)
2
2 : h win|
_%" vlal : 1. E 1 ]
1 L
| 5 &
]
: fn — 1] i E A= 1]
|
] 5 ]
]
] 5
]
1

Block diagram of A second-order difference equation. (Direct form | :
needs 4 memory locations:
x[n-1], x[n-2], y[n-1], y[n-2] )
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s
R0
|w)
0 Block diagram representation for Problem 2.33 (2.34b in next slide)
3
q] I E ¥n|
! L , )
3 5
-1
'
| f ]
5 F
[z n
8
i
] |
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s
R0
|w)
2]
Yl
-
&
x[n] S ¥ v[n]

=

(b)
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finl LF]
x|n] 3 ' = E e |n]
& &
=l by
E -

fln=1]

Block diagram of A second-order difference equation.
(Direct form 1l : needs 2 memory locations:
fin-1], f[n-2] )
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Direct form]| :

oyl +a,y[n-1]+a,y[n—2] = bx{n] + b{n-1] +b,x[n-2]

- Yan-K =3 bn-pl

defineiakf[n—k]:x[n], ~oxn- p]:Zakf[n—k— p]

.'.Zaky[n—k]:prZakf[n—k— pl=>a > b f[n-k-p]

k=0 p=

E-1= 38, fl(1-K) -

.’.y[n]=prf[n— p]
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S pﬂ"

g

U -

§ Direct formll :
QD

> a fln-K=xn]
fn = xn]-af[n-1-a,f[n-2]

yin] =§2;bpf[n— pl=b, f[n]+ b f[n—1+b,f[n-2]
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Solution to Problem 2.24. (a) Direct form 1,
(b) Direct form 2.
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g
|w)
ﬁ Continuous-time LTI system described by a second-
&  order integral equation. (a) Direct form I. (b) Direct form
Il.
..—I_n_'.l E—p.:;]_l... — ll A
[ [ II
] - x I I I
[ [ [
! . |
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§ Block diagram representation for
c Problem 2.25.
2
Xif) ——= E + -~ = F —— VI
O]

o—

fO(t)

e

t
fM(t) = j fOY(7)dr

-3 | f@(t)
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y(t) =2f () + F O(t)
f(t) = x(t) - 3f @(t)

y(t) = 2(X(t) 3f(2)(t))+f(1)(t) 2x(t) —6f @ (1) + f (1)

dy(t) dX(t) a dx(t) O )
d -2 g ST T =2= -6t 0+ X0 -317W

d’y(t) . d’x(t) dx(t) o

e =2 e —6f(t)+ 3f O (1)
d x(t) dx(t)
dt2

d’ X(t)+w—3 y(t)

(€N}
3(2f 0+ fO@)=2 h

d2 yz(t)+3 0 - ,d’ xgt) dx(t)
dt dt dt
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State-Variable Description of LTI System
LTI

(state variables)

q4n=>q,[n
[n+1] =—aq[n]-a,0,[n]+Xn]
Qo[n+1] = q[n]
yin] = X{n]-aq[n] -a,g,[n] +ba,[n] +b,g,[n]

38
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3
lw)
(}’3’ Direct form Il representation of a second-order discrete-
5 time LTI system depicting state variables g,[n] and g,[n].
x[m] 3 3 ¥l
{a[n+1]
5
=il |:-| =
= g [n]
b
» q[n+1=-ag[n-a,qnl+{r]
G [n+1 = ]
* by yIn] = x{n] - a,¢,[n] - &,6,[n] + gy [n] + b,g,[n]
R 0
P y Audio & DSP Lab.
o
ﬂ a[n+1] =-ag[n] - a,,[n] + 1]
el Q[n+1=qyn]

H Y[n] = X[n] - a:lql[n] - azQz[n] + blql[n] + bz%[n]
{ql[mll}{—al —az}{ql[n]}{l}x[n]
In+1] |1 0 ||g,[n]] |O

B a[n]
iri=l-a, b-a] 30 b
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{ql[nﬂ]} {—ai —az}{ql[n]}{l}[n]
i Q[n+1]] |1 0 J GIn]] |O
B o,[n]
vinl=[b-a b, —az{qz[n]}[l]x[n]
= gn+1 = Ag[n]+b Xn]
y[n] = Cq[n] + DX{n]
E 4.9"’ Audio & DSP Lab.
% Block diagram of LTI system for
"{_j’ Example 2.28.

q[n+1=aq[n]+6,Xn]

an+1 =y qln + Aaln] + 5,4

aidn + 11 wiil YNl =1, Qun] +77,0,[N]
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° |
2 Block diagram of LTI system for Problem 2.26 (2.41b on
5 next slide).
1 1
q[n+1] =—Eq1[n]+x[n] 0z[n+1] =q1[n]+§qz[n]+3X[n]
q[n+1] - | Gn+d ]
kil

Syl =gn+ 2]
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oh[n+1] =&y, qy[n] + &y, q,[n] + b, X[ ]
d,[n+1] = a, g,[n] + ay, q,[n] + b, X[n]

yinl = ¢, qy[n] + ¢, g,[n]+d X{n]

qln]

G[n+1]
S

xln]

== 3
gn+y 4l
(b) a“
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Circuit diagram of LTI system for
Example 2.29.

X(t) = y(OR + ()
Q (1) =i, (DR, + (1)
vit) i, (t)
AN ———AN—
R, R,

r{r](f) C, TJ’“[” C, == q»(1)

RONN -
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Solution:
X() = YOR+ Q1) - y(t) == x(t) ~—cp(t)
R R
QM) =LOR + 5,0 - i2<t)=éql<t)—iqz<t)

R,

1 ¢t . . dag, (t
casg[Liar Siw=c Y

da, (t)

1.t . .
-.-q2=C—zjw|2(r)dr ~i)=C, =2

46
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) 1 1 da, (t
- Iz(t>=§q1<t)—€qz<t)=cz%”
& RC," ch
. . 1 1
(0= YO —i,0) =| = x(O) —=q,(t) |-| =q,(t) - =gt
iy (t) = y(t) —i,(t) (RlX() qul()j (Rzou() qu()J
Y10
dt

Codg(t) (1 1
T _(Cﬁx(t) cla%(t)j (CRZ oR (t)J

1
“cr _(Cﬂ "CR, ]‘m) "R Y -
gy Audio & DSP Lab.
c [do)_ 1, t
TR ch (t
do () _ 1
& CR X(t) - ( CR C qu('f)Jr CR 0, (t)
da —( + 1
dt |_ C C G |:q1]'_ RC, |x(t)
% 1 B 1 2 0
dt | | RC, RC, |
=A9+bx
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V(1) = (X~ GO/ R ==, (0) + = X(V)
R R
t
1% ofaolRl
R LM R
=cq+ dx
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§ Circuit diagram of LTI system for
E Problem 2.27.
. dql(t) _"
dt
dQZ(t) _"
dt
i(t) ¥(1)
Vi (t) —
1 AN
R, K, +
x(r) (D :;;m] L C == q,(1)

50
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= X(t) = R(Y() + 0, (1)) + YR, + g, (1)
= Y(O)(R +R,)+ 0 (t) + R, (t)

0= q0-—" g0

R+R, R+R R+R

sa) =< v

Cdg(t) 1
Rk y(t)

M 1 R d, (t)

“CR+R) CR+R) O TCRIR)
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X0 = RO + 0, (0)) L 420

G900 X0 R, R
L SREIE-By0-2a,0

XM Rfoxt) 1 B
=L L(R1+R2 R1+R20n() —qz()] 0,(t)

- (E_ij(t) T oy (t) + (L—&J%(ﬂ

L L(R+R) L(R+R,) L

R . R RR .
LR+R) V" LR+R) YV (R +R) 2O

L(R+R,)
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X(t) 1

R

t) = - (D) -5—5 %
y(t) R+R, Fe1+Fqu() R+ Rzq()
dy® _ x® 1 . R
& CR+R) CR+r) TV CR Ry BY
do,() R R __RR
@ LR+R) VLR R) " LR R)®Y
gy Audio & DSP Lab.
3 dq) -1 R 1
2 | "t |_|C(R+R) C(R+R) {ql(t)}+ CR+R) |
da, (t) R RR |a®| R
dt L(R+R) L(R+R) L(R +R,)
~ [a®
= A{qz (t)} +b x(t)
1 R ql(t)}{ 1 }
t)=|— — t
Y0 { R+R, R1+R2L2(t) RR, |
C P(t)} D x(t)
a,(t)
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Block diagram of LTI system for
Example 2.30.
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Convolution Sum using MATLAB.
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>>h=[-1 0.5];
>>x=[2, 4, -2,
>> Y = conv(x, h)
y:

2 50 -1

56
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Convolution sum computed
using MATLAB.

>>h=0.25* ones(1, 4);
>> X = ones(l, 10);

>>n=0:12;
>> Yy = conv(X,
>> stem(n, y);
>> xlabel ('n');

h);

>> ylabel ("y[n]')

= o -
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Ampduude

Solution to Problem 2.29.

Ssvnlem Cyipat
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%
R0
2 Step response computed using MATLAB.
B
sy Hiospeonss
LU
[}
7
2 (11 =
E_ .5 TVIE
< 4
& =
2 ‘
1K1 ]l I
IIII g 1] ) 0 ] i il 45 |
Tirs: 59
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%
& Impulse responses associated with the original and
2] . . . .
o transformed state-variable descriptions computer using
& MATLAB.
C} o [ I

impd pakc
o b - wla
T —
1
s
a
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3
g P23z y[n] =x[n] * h[n] = ?
Mefn]
o o o T I‘ ] i o <= O o 1
2 4 1
1||
O o II' O II" ';l '.'\- : o €O O L n
" 61
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3
g P2.33 X[n] * y[n] = ? z[n] *w[n] = ? f[n] *g[n] = ?
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7 P2.38:LT
B (@) x(D) = 28(t+2)+ 8(t-2)
(b) x(t) = 8(t-1)+ d(t-2)+5(t-3)
hitd
J\_
i
—1 ] |
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% P2.40: x(t) * y(t) = ? z(t) *w(t) = ? f(t) *g(t) = ?

b(t) *c(t) = ? d(t) *a(t) = ?

Bt N AN N
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g.
? P2.43:
5 =?

hit)

1/A
I
0
—1/A
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g.
g, P2.46: =?

— ﬁur—l
s

I e e S BT

" "y 1
= kgri

| It

— Bl — L0

—= hyle] —————————— idnl _||-

o] — ] — — ffn] == i
e |0 —= fdn] L%

ihi

T e L — L —— T —— L]

_ |

—t W1}
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g
R0
g P2.52: =?
T
I
s
f-.'
A
vidl : '.|r|l L =
L)
[ K,
AN AN
{ *
x| = Wil == 0 ==
() 67

gﬁ, Audio & DSP Lab.
g
R0
g P2.65: =?
o
I
&

.|ﬂ|_?ﬂxr-|=|

[FA]

rn]—= § ——a L= § j—-'l'llll

15

hd|—

= 68




54.9} Audio & DSP Lab.
o
o
g P2.68: =7
Yl
-
s
x{1) ) ¥
2
(ol
xif) x l il
> U
L U
(k)
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o
o
g P2.74: =7
Yl
-
s
J‘ dfld i
Cp
&y
i{f) E —= yii»
o
ERLER] -

oy

70




‘.‘q} Audio & DSP Lab.

P2.75:

‘geT 4sda ® opny

71




