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Fourier Transform of Signals

Lecture 3-3
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Continuous-Time Periodic Signals (CTPS):

The Fourier Series (FS)

T ®y = 21/T X(t) :

X[K] is discrete spectrum and X[K] is non-periodic.

X(t) is continuous signal and x(t) is periodic.

X(t) = i X[k] e/

— 1 T — Kkt
X[k]_?jo x(t) e dt

3)

(4)
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Square Wave & Spectra
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Sawtooth wave & Spectrum
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Sinc Wave & Spectrum
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: FS — Orthogonal Property
DTFS
FS (4)
Pl ease derive and prove Equ

7
:
% Example 3.9: Find the FS of the x(t) below:
7 T=2

Rag g ,
I
2 0 e 4 &

Time-domain signal for Example 3.9.




&

Solution for Ex. 3.9
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T=2, 0y =20/T =20/2 =1

X[K] =1_[T e el o =ljz e e dt
T Yo 2b

ZEJ‘Z e @riknt g — _ 1_ o (2 ikn)t 2
2% 2(2+ jkr) 0
_ 1 —(4+ j 2kr) 1
(@+j2ke). 4+ j2kn)
1 1
- - 1 jk27r 1_ —4
(4+j2k7z)( et )= (4+j2k7z)( ) 9
-
% Magnitude and Phase Spectra for Ex. 3.9
g 1
X[K]= ———1-€™
[k] (4+j2k7r)( )
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% Ex. 3.10 Find the FS for the Impulse Train
x(t) = Y o(t—4k)
k=-o0
k=|0
-8 -4, 0. 4 8
T ) 4 : ------ : 11
1
% Solution for Ex. 3.10
5 T=4
2w x(t)= Y S(t-4k), X[0] = 1
k=—00 4

. 1t —jszlt
..X[k]_?j_w2 x(t)e T dt

_1 2 7jk%t _1
_Zj25(t)e olt_Z

X[K] is discrete spectrum and X[K] is non-periodic.

[X[K]| is a constant, and the phase spectrum is zero.
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Example 3.11:

Use “the method of inspection” to find the FS of

X(t)=3cos(nt/2 + n/4).

Solution: o, =2n/T =n/2, T =4

/A
X(t) = 300{ 5

T
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Magnitude and phase spectra for Exam
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& X[k] = §e7, k=-1

- 0, otherwise
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Problem 3.8: Find the FS of the x(t) below:

T =1, .-.a)O:ZT—”:zzz

Xir)

Y

o9 t)
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Full-wave rectified cosine for Problem 3.8
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Solution for the P3.8

X[kl == jTT/Z x(t) & Mgl = 1 I & cos(at) e
j e ") e gt = J% ete ke 4 @it ket g
j g k) gt 4 = I% CRI
jy /201 ) gt 4 = jy (e1020 ) i

_ 1 i (-2 + % 1 o2 +
2j(1-2K)x ~1 2j+ 2K -

Nl N
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g  Solution (cont.)
[k] = ;ei(lﬂk)nt +%_ 1 —j (1+2k) 2t +%
2](1-2K) -1 2jd+2k)z -1
— _;(ej (1-2K)z/2 e—j(l—Zk)zz/Z)
2j(1-2k)x
_m&—j(nzk)mz _el (l—2k)7z/2)
1 ei-207/12 _ (12712
C@1-2K)7 j2
1 el (120712 _ o+ 2K) 712
+ -
1+2k)z j2 .
P
s K- 1 el-2K7/2 _ o i(-2K)x/2
(1-2k)~ j2
1 el W2k /2 _ o-jr2k)z/2
+
(1+ 2K) 7 2
1 (#z(-2k) 1 . (#(1+2k)
= 9N + sin
1-2k)7 2 1+ 2k) 7 2
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Example 3.12:

[Inverse FS] Find the time-domain x(t) from

Solution: X[k] = @1/ 2)"e’?®  for T = 2.

w,=271T=2r12=nx

X(t) = f (1/2) Mgkt 4 Z'O (1/2) e @l
-0 ke—_, -
let m=—Kk,

+00

Z (1/ 2) glkr/0gikrt +Z 1/2 e imz /20~ jmat

=0 m=1

x
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Z 1/ 2 ejk;z/ZOeJk;zt

k=0
k
+Z.O (1/ 2) ejk(;z/20+7zt) +Z‘O {1e1(20+;zt)j
0 o | 2
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Solution:

X(t)
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Audio & DSP Lab. Audio & DSP Lab.
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Problem 3.9: Find the time-domain signal x(t) as the
FS coefficients as below.

X(t)= > X[k] "

a0 k=—w

1 - kot
X[k]_?jo X(t) €% dit

23

:
o
2 Ex3.13: Find the FS for the Square wave as
5 below:
w,=2rlT TI2~+T/2
x(r)
T T
[ = e |
-T-T, -T+T,i -T, |0 T, iT-T, TuT,
¥ T
2 2
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for k =0,
_ (T2 - jkopt
X[k]= I—T/Z it)e dt
Y R e
o= Jka)o — Ty
— -1 (e—jkono_ejkono): 1 (ejkono_e—jkono)
Tika, Tika,
jka’oTo_ —jkay Ty
__2 |8 2 Sin(keyT,)
Tka, ]2 Tka,
1
é for k=0,
B 1 f1/2
mm:?mewm
:if‘) 1dt:1tT° _To=(To) _ 2Ty
T T T |-T, T T
for k#0, w,=27/T
. 2T .
X[K] = sin(ka,T,) = , sin(k2zT, /T)
T

0

=259n@nkn/T)
kz
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% The FS coefficients, X[K], —=50 < k < 50, for three square

g waves. (a) Ty/T =1/4. (b) T /T = 1/16.

3 1 .
—sin(27kT,/T)
krz

o ’{‘ EX :1st zerocrossingat k =2
ism[Z;rZ ) 0
i - “q"\;l[ ]]:IL?.'F llllllllllllllllllllll 2

=0 - ] i ] ] 1" i k =i

EX :1st zerocrossingat k =8
o MWT 8—sm[2;z8 6] 0
T
[ Trrres .M'I'I'l‘-l\..
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(c) T/T = 1/64.
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The first zero-crossing point is at k=32.

d N Hﬂﬂﬂlnh

v L

EX: k=32

—sn(ZﬂSZ 1] 0
64
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A special function:
Sinc function: sinc(u) = sin(zu)/(ru)
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The 1st zero crossing is at u = 1.
J Mainlobe ()

Sidelaobe ( )
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Problem 3.10: Find the FS for the Sawtooth wave
as below:
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Periodic signal for Problem 3.10
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Solution:

31
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Ex 3.15:

Calculating the RC integrator circuit output by
means of FS.

T

X[K] :kisin(zﬂkTo/T)

-1 -1,

-I+7,

e e ———— — — —

T-T,

T+T,
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: 10 sin(kz/2)
Y[K] = H(jke,) X[K] =
(= H(jkey) XI4 j2rk+10  kr

33

gc k=—o0
c Solution: output:  y(t)= > H(jke,)X[K] e™*",
k=—o0 —
| FS _ ]
y(t) © Y[K]=H(jkep) X[K]
. 1/RC
from Example3. H(jkw,)=—""—7"—
pled.L | Hkey) = 1Re
— for RC=01 a,=27, H(jke)e—2
b= AU = 10
from Example3.13, T,/T =1/4, X[k]:w
T
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