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Fourier Transform of Signals

Lecture 3-7
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Fourier Representation

DTFS: X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
FS:  x(t): continuous-time and periodic signal
X[K]: discrete-time and non-periodic spectrum
DTFT: x[n]: discrete-time and non-periodic signal
X(e): continuous and periodic spectrum
FT:  x(t): continuous-time and non-periodic signal

X(jm): continuous-time and non-periodic spectrum
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Filtering
sLow Pass Filter
*Band Pass Filter
*High Pass Filter
. (Pass band)
. (Stop Band)
. (Transition Band)
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Frequency response of ideal continuous- (left panel) and
discrete-time (right panel) filters:

(a) Low-pass characteristic,

(b) High-pass characteristic,

(c) Band-pass characteristic.
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Ex 3.33
RC circuit with input x(t) and outputs y,, and yg(t).
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x(r)

&

.. _i ~t/(RC)
R0 =o€ ™ ul)
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T arg{H. (jo)}=—tan"(«RC)
Vi+ @

He(jo)|=

whe(t) =5(t) —R—lce“<RC’u(t)

. 1 jRC
AHo(jo)=1-—— ¢
1+ joRC 1+ jowRC
. wRC
|HR(JCU)|:

T ag{H.(jo)l =~ —tan(wRC
e TG tleRe)

6




‘qe1 dsd ® opny

¢

RC circuit magnitude responses as - [ |

a function of normalized frequency ;™ !
®RC. / \

(a) Frequency response of the
system corresponding to yq(t), .
linear scale.

(c) Frequency response of the
system corresponding to y.(t), dB
scale.
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RC circuit magnitude responses as a function of normalized frequency
oRC.

(b) Frequency response of the system corresponding to yR(t), linear
scale.

(d) Frequency response of the system corresponding to yR(t), dB
scale, shown on the range from 0 dB to —25 dB.
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Convolution of Periodic Signal

y(t) = x(t)®z(t) = jOT x(r) 2(t - 7) d7
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Example 3.36 z(t) = 2cos(2nt)+sin(4nt) X(t)
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&/ 2(t) = 2cos(27t) + sin(4zt)
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Solution : el @t | gt g2t _ o227t
= +
2 ]2
— ej(27r)t + e—j(27z)t +.ie2(27r)t _.ie—Z(Zﬂ)t
12 )2
1, k=+1
_iz, k=42
~ 7l =1’
L k=-2
(FS Spectrum) _ﬁ’ -
0, k = others
1
= Given fromexample 3.13
3 X[K] = ism( k”j
& 27K 2
~Y[K] = Z[K] - X[K]
2 sn(kﬂ) 1 k=+1
27K 2
| ( j k=+2
= 12 Zzzk
212 g, kz -0, k=-2
]2 27k 2
0, others 12
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isin(k—ﬁjzl, k=+1
Y[Kk] =1 27k 2 T
0, others

[ The fundamental frequency: 2r |

y(t) = Y[l] ej(27r)t +Y[—1] e—j(Zﬂ)t

:i(ej(Zﬁ)t +e—j(27r)t)

T
B 2 ej(zn)t +e_l(2
7 2

7Z')t
] _2 cos(2rt)

T
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Differentiation & Integration Properties

Differentiation in Time:

FT

X(t) «

X(jw)

FT

> Jo- X(]o)

d
pm X(t) <
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_ 1 (e H jot
x(t)—ZLo X(jw) e do

d d| 1 p+ , o

GO G o[ Xuore o)

1 e . d . 1 e o ot
—ZLD X(Ja’)(ae’ jda)—zjw X(Ja))(ja)-e‘ )da)

1 e

=~ (jo-X(jo))e" do
27

d FT (i
—Xt — *
o (t) jo-X(jo)
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Differentiation in Time (cont.)

FT

%x(t) 4 o X(jo)

(DC)
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FT

Ex. 3.37 d

jo

(e™u())

dt T a+tjo

Solution: d [ (d __a af d
a(e u(t))—(dte Ju(t)+e (dtu(t))

=—a-e®.u(t)+e® 5(t)=—a-eu(t) +5(t)

FT{SI (e atu(t))} FT{-a-e *u()+5()]

—FT {_ a- e‘atu(t)}+ FT {5(0}

(a) x(t):%e—”; (b) x(t)=— (2te 2u(t))

_ -a +1_—a+a+ja)_ jo
a+jo atjo  atjo o
¢ Problem 3.22: FT

Solution:

(@) FT{; = } ~jo-FTie ]

FT |- [T e e

:jow e e“'“"dt+J'0+ e gt
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Solution: (cont.)
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0 ; +00 .
=J. e” e‘l“’tdtJrIO e el”dt

0 . +00 .
=J. el ot dt 4+ Io e (ZHielt d

_ 1_ e(Z—jw)tO + —% e—(2+ja))t+oo
2- o -0 2+ jw 0
-1 (1-0)- o (0-1)
2- o 2+ o
1 1 2+jo+2-jo 4

+ — =
2—-jo 2+jo (2+jo)(2-jo) 4+0°
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&  Solution: (cont.)

COFT {e’z‘t‘ }: 4
4+ w®

FT{ge—Zt}: Ja) 4 _ 4]0)2
dt 4+ w° 4d+w
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Solution:

(b) FT{S 2te” Ztu(t)}— jo-FT{2te 2u(t)]
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FT {Zte‘mu(t)}: J.OM 2te e dt

= J._O 2t e_(2+jw)t dt ’ Iet u= Zt, dV: e—(2+jw)tdt
1

V=—— e @it gy =2dt
2+ jo
-1 o[ 1 o
=uv-— Ivdu 2t——e€ —J ——¢€ 2dt
2+ jw ° 2+ o
21
1
&  Solution: (cont.)
*FTPe?u))
L -1 g (@rio)t _ 2J‘*°° _—:!-e—(2+jw)tdt
2+ jo 0 2+ o
_ A e—(2+iw)t+oo_ 2 e—(2+jw)t+oo
. —
2+ jw 0 (2+ jw) 0
2 2
=0-0)- = 0-D= "
(2+ jo) (2+ jw)

FT{g 2te‘2tu(t)} = 21—0)2
dt 2+ jo)
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2 Ex.3.39 y(t) FT
FT of y(t)

(a) Triangular wave y(t).

(b) The derivative of y(t) is the square wave z(t).
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Solution:
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> ‘_9,}
: Differentiation in Frequency
i X(jo)=[" x(t)e ' dt
d H _i oo — jot
@xua))_dw“_w x(t) e dt}
=" x(t)[iej“’t]dtz [T xwl-jt-e’) d
. dw -
=[7 itxw)e’ d
d o, FT .
d—X(Jw) — —jt-x()
w 25
i
c  Differentiation in Frequency:
d . FT :
— X(jo) — Jt-x(t)
dw
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% Ex. 3.40: Find the FT of the Gaussian pulse g(t)?
7 wir) 1 5
g(t)=——e""
! N2
v2p

G(jw)="?

-4 =2 - 0 2 3

(Gaussian pulse), g(t) FT.
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Solution:
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_t2/2
e )

given g(t) =%

d 1 2/5 o :
L—g(t) = () —e" P&t g(t):
dt 9(t) = )«/ 2r

' FT . .
—-t-g(t) © jo-G(jo)

. FTood . FTo1d .
—jt-glt) & —G(jo) =i -t-gt) & ——G(jo)
dw ] do
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Solution: (cont.)
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tgt) & jo-G(jo);

: : 1d ..
jo-G(jo)= ——G(jw)
j do

T 1d :
-t-g(t) & ——GC(jo)
] do

= (ijeclo)= ()r26(je)
j do

= | -0-G(jo)= (f—weum
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Solution: (cont.)
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d
ag(t)=—t-g(t)

0-G(jo) = %G(Jw)

gt) G(ow)
G(jw)=ce
©0=0  G({0)=c
6(i0)=["g(t) ot =%j: e dt=1=c
G(jo) G(jw)=e""
_ 19 J'j: e dt=+27 "
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fm e X2 dx=~27 2?7
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[ o [Te e [T oty

\/J‘ eX/dej ey/Zdy \/J‘j:J‘ ex+y)/2dxdy’

polar form - dA=dx-dy=rd@-dr & r?=x"+y’

:\/j02” [ e rdrde :\/J‘OZH UOM roe 2 dr) dé
_\/ ;wjde \/f —(0-1)d6 = \/j
_ 2r

2z 2
J‘ ( e —(r<)/2
0

=~2r-0=~21
31
: Integration

(continuous dependent variables)

y{t)=[ x(z)dr

d
4 YO =x(
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FT

:
d
o _— t = t
: dty() X(t)
= FT{y()}=Y(jo)
FT{% y(t)} = jo-Y(jo)
FT{% y(t)} =FT{x(t)}= X(jo)
Ljo-Y(jo)=X(jo)
1 w=0
Y(jo)=—X(jo)
jo
:
% w=0
g o=0

O =] x@)dr s X (j0)+X(j05(0)
—0 jo ——

o=0
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ut)=[ &(r)dr

FT
sty —— 1

FT

1

27 6 (w)

| FT{o(t)}=1

FT{1} = 276(w)

~U(jo) = FT{u()}= FT{[_; 5(z) dr}

:_iAh\gQ‘)+7r'A?\jQ)5(w)

Jo 1 1

:_—+7Z"5(C())

5t) o Ajo)
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A step function can be denoted as the sum of a
constant and a signum function.

u(t) = % + %sgn(t)

sgn(t) =

-1 t<O
0, t=0
+1, t>0
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Another way to derive out U(jo) = 7.
11
“u(t) =—=+—=sgn(t
(t) 5 299()

~U(jo)=FT{ut)}= FT{%}+ FT{%sgn(t)}

Considering:

 FT{I} =27 5(w)

FT{%} = o(w)
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Considering: FT{Sgn(t)} =S(jw)="

9 =4 -

o sgn(t) = " (—1+2u(t))=265(t)
FT{%sgn(t)} = jo-FT{sgn(t)}= jo-S(jo)
=FT{25(t)} = 2FT{5(t)} =2

- sgn(t) isanodd function,
the averageisO.

S('a))—i
Jor= jo ~.5(j0) = 0, is defined.
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~U(jo)=FT{u(t)}= FT{§}+% FT{sgn(t)}

1

:7r-é'(a))+_i
jo

or

_ _i, w#0
U(jo)=q]@
7o(w), w=0

39




