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Fourier Transform of Signals

Lecture 3-8
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DTFS:

FS:

DTFT:

FT:

Fourier Representations

X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
X(t): continuous-time and periodic signal

X[K]: discrete-time and non-periodic spectrum

X[n]: discrete-time and non-periodic signal

X(ei): continuous and periodic spectrum

X(t): continuous-time and non-periodic signal

X(jw): continuous-time and non-periodic spectrum
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Time- & Frequency Shifted Properties

Time-Shift Property :

X(t) ty
FT
X(t-t,)
FS;wq
X(t-t,) ———
DTFT
xn-n] —
DTFS;Qq
{n-n —s

FT

— e)""X(jo)

e Koo X[K]

e_ J wtO

e 1M X (e1?)

e X[k
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Verify the time-shift property for Example 3.41, where z(t)

= X(t-T,). Find the FT of x(t) and z(t)=?
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é Problem 3.30

5 (a) DTFS (b)
DTES
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1 N-M-1 _ B
X[k == 2, {nle ™ <N=7,M=2,0,=27/7,m=n+2
n=—M

Ly I AN ~ ikQp (M-2) j2Kke N - jkQm

Z;Z e’ :72 e /o —e 072 g iK%
n=-2 m=0 0

ik, 11—¢e 5% _ 1 262, e—j5k§20/2(ej5k90/2_e_j5kQO/2
- 7 1_e_jk90 _76 e‘jkﬂo/z(eijO/Z_e_ijO/z)

B 1 (ej5k90/2 _e—jSkQO/z)/ i2 ) 1sin(5kQ2, /2)

_7 (ejkoo/z_e—jkgo/z)/ j2 —7 sin(onlz)

_1sin(k(®))

-7 sin(k(3) 8
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’ — jkQgn, 272'
Z[Kk] = e "™ X[ K], Q0=7,n0=3
. (K57 ]
-k (3) 15”{7)
Z[kj=e 7 |=— L2
7 . (kﬂj
sin| —
— 7 -
** z[n] DTFS
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% Frequency-Shift Property :
> Y
Z(jo)=X(j(0-7)) —ELl—s z(t)=e"" x(t)

. FT

e”'xt) ~— X(i(o-7))
. FS;w,

e X(t) ——— X[k—k]
&N — X[
DTFSQ,

2] +——> X[k-k]

DTFT )
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Proof:

ge 4sd @ olpny

| Z(t) :ij: Z(jo) e do, <if Z(jo)=X(jlo-y))>

- [ X(jlw-y)) e do, <letn=w-y>
27 -
_ 1 X(jn)e " dy
27 I
ej?/t i +oo X(Jn)e]ﬂt d77:|
| 27 4
= el x(t)
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5 Example 3.42 2) FT=2
5 018 <7
Z =
0, ‘t‘ > 7T
Solution:
i 1, tl<z
let z(t) =™ x(t), .. x(t)= g
0, ‘t‘ > 7T

Z(jow) = X(j(o-10))
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% Solution: (cont.)
; X(ja)):r” e_jwtdt:__—le_jwt +ﬂ:;l(e_jwn _ejw,;)
” o -7 jo
. . jor _ A-jor
=.i(ew_ew)zz[ijzggn(m)
Jw @ ]2 )
Z(jo) = X(j(@-10) = ——sin((0-10)7)
i
% Probl 3.34(b) : X(jw)= 1 + 1
: roblem 3.34(b) e iw-3 21 j(0+3)

Solution: x(t) =7
1 N 1
2+ j(0-(+3) 2+ j(0—(-3))

X(jo)=

FT
For a function of Z(jw) :# o zZ(t)=e?u(t)
2+ jo

The freguency shiftsarew =+3and @ =-3, hence

X(t) =e'*z(t) + e ¥ z(t) = z(t)(ei‘“ e j3t)

i3t a-j3t
= 2e‘2‘u(t)(%j = 2e7* cos(3t)u(t)
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Using Partial-Fraction Expansions to Find
the Inverse FT

X(jw)= by (jo)" +by 4 (j@)" " +..+b(jw) +h
(jo)" +a (jo)" " +..+a(jo)+a,

. X(jo) FT
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Using Partial-Fraction Expansions to Find
the Inverse DTFT

DT
—jOM — (M -1) —iQ
X(eiﬂ):ﬂMe + w1 +..+ e + [
NI N A - R e N I % e |

. DTFT
. X(ei®) DTFT
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Multiplication Property

FT

y(0) = x(0)z(t) Y(jo)=X(jo)*Z(jw)

X(jo)*2(jo) == [ X(i0) Z(i(w-v) dv
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DTFT

yin] =xn]-Zn] Y (") = X(e")X®Z(e")

X(el?) Z(el?) 2n

X(e?) @ Z(ejQ):%fZX(ew)Z(ej‘Q‘g))dG
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3 Windowing
T (truncate) X(t)
(windowing)
X(t) (window function) w(t),

y(t) = x(t) w(t)

*If w(t) is a rectangular shaped window, w(jm)=(2/®)sin(oT,),
where the windowing is from -T, to +T,

. (main lobe) 27/T, X(jo) (side
lobe)
19
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The effect of windowing. (a) Truncating a signal in time by using a

window function w(t). 20
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: L Smoothness
Discontinuity

]

]

(b) Convolution of the signal and window FT’s resulting from truncation in time.
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Ex. 3.46: L= - L.
-M< n<+M
=7
Solution:
DTFT
hn] = 1 Sin(nﬂ]
Nz 2
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Solution: (cont.)

. :{h[n], <M

0, otherwise

h{n] hn]
win] (window function) h[n] = h[n]-wn]
L <M
nl| =
il {O, otherwise
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Solution: (cont.)

(Multiplication Property)
o i 1 jo j(©Q-0)
R[] = hn]-win] ~—— H, (") =——[ "H(e")W(e'“")do

1 |f|<xi2

H(e'%) =
") {o, r12<0|<x

n(Q(2M +1)/2)
sin(Q/2)

3.18 X (@) =>

sn((Q-6)2M +1)/2)
sin((Q-6)/2)

W(ei (979)) —
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% Solution: (cont.)
H(e™) = [ " Fy () do
t a 272' -zl2 Q
, , . W@ |gl<z
FQ(eW): H(elﬁ)W(eJ(Q—e)): ( ) | | 2
0, |¢9|>%
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The effect of truncating the impulse response of a discrete-time system.
(a) Frequency response of ideal system.

(b) F(0) for Q near zero.

(c) F,(6) for Q slightly greater than n/2.

(d) Frequency response of system with truncated impulse response.
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Problem 3.39
x@t) FT=?
4 - 2
X(t) = sin“(2t
(1) =—7sn’(20)
Solution:

X(t) = %sin(Zt)-%si n(2t) = w(t) - w(t)

X(jo)=W(jo)*W(jo)

28
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Solution: (cont.)
2 . _ 2, ‘a)‘SZ
w(t)=—asan(2t); ... W =
() =—sin(2t) (jo) {O, 2
W(jw)
] @
-2 -1 D012
W(jw)
1 @
—2 -1 p 12
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Solution to Problem 3.39:

X(jw)

16

X(jo)=W(jo)*W(jo)

30
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= Example 3.47: x(t) = s(t)p(t), S(t)=sin(1000xT).
g Please find the FT of x(t) = ?
I 3
I I I \ I
AAAAAAARARAAAAAARAAAANY -
A |’I n A,
e
The RF pulse is expressed as the product of a periodic
square wave and a sine wave. .
-
é Solution: Since s(t) and p(t) are continuous-time periodic
g signals, the spectra are discrete and non-periodic.

The fundamental frequency of p(t) : o, = 2n/T,
s(t) = sin(1000 =/T ) = sin(w t )= sin(500 oy t) ,

~o=500 0, =k o, , k=500" harmonics.

i e—j500a)0t
j2
= §[500]e’*®*" + §—500]e! 0!

S(t) :iejSOOa)ot _
j2

32
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1 o (€-500) Ty sin((k —500),T,)

2 (k—500)7
1 eso0oe, SIN((K+500)9,T,)
j2 (k +500)

., k=500
]2
gk]=40, others = j—125(k - 500)—j—125(k +500)
L = s00
]2
3.13
P[ k] — e—jkTowo Sl n(ka)OTO)
kr
33
1
2 X[K] = SK]* PIK]
" =| L s[k-500]- L 5[k-+500] |+ (e-ik%% —S”(k%To)j
j2 j2 krz
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% FS magnitude spectrum for 0 < k < 1000. The result is depicted as a
g’ continuous curve, due to the difficulty of displaying 1000 stems.
|
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5 Scaling Properties
&
FT 1 )

Z(t) = x(at)
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§ The FT scaling property.
° The figure assumes that 0 < < 1. a
D X(jo)
' ;’I X(jola)
/\/ ERIE | PN
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Application of the FT scaling property in Example 3.48.
(a) Original time signal.  (b) Original FT.
(c) Scaled time signal y(t) = x(t/2).

(d) Scaled FT Y(jo) = 2X(j2w).
38
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Parseval Relationship
(time domain) (energy)
(power) (frequency domain)

J4+oo ‘
—0

1 oo,
X(1)| "dt = — Lo X (jo) dew
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x(t)| dtt = j: X(t)- X (t) dt

=" x(t).[% [ xq ja))eiwtda)] dt

[ x| e[ X e o | o

1

1

:Z._

1

X ja))[ [ x(t)e"'“’tdt} do

:Z__

X (jo)[X(jo)] do

:E.

f:‘X(ja))‘z do
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Time-Bandwidth Production
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3
° Rectangular pulse illustrating the inverse relationship between the
& time and frequency extent of a signal.
X(Jw
i af
1
FT
-
[ 1)
f b T P P
Fe g To
-0 ~ + o0 (main lobe)

0| <7 IT, T,
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Duality

/ sinc

/ jol -t
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Yo = [ 2me dy

v=t

y(t) = — j“ 2(w) e de
21 =

V=-0

27 Y(—o) = j“; 2(t) e 1 dt




X(jaJ

)

L

> ‘_'?,.)
= 1 o .
o =—1 z(n)e'"d
Yw)=——[ e dr
& FT
FT pair ft) & F(jow)
1 o0 . jot
nZeo v=t f(t)z—j F(jw)e do
27 I
n=t v=-o 2;zf(—a))=j_°° F(jt)e ' dt
. FT
FTpair |F(jt) < 27 f(-w)
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2  Duality of rectangular pulses and sinc functions
i 2¢inleT-)
="\ To/
a
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The FT duality property
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Example 3.53.
(a) Triangular spectrum. (b) Inverse DTFT.
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% Sinusoidal steady-state response computed with the use of MATLAB.
2 The values at times 1 through 50 represent the sinusoidal steady-state

response.
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§ Solution to Problem 3.46
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