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Fourier Applications

Lecture 4-1
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DTFS:

FS:

DTFT:

FT:

Fourier Representations

X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
X(t): continuous-time and periodic signal

X[K]: discrete-time and non-periodic spectrum

X[n]: discrete-time and non-periodic signal

X(ei): continuous and periodic spectrum

X(t): continuous-time and non-periodic signal

X(jo): continuous-time and non-periodic spectrum
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: Introduction
. FT
. FT ?
* FT ?  FT DTFT
L[] ? 2
. ) )
1/
: Objectives
. FT
- FT Fs

DTFT  DTFS
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(cont.)
FT
FT  DTFT
FT  DTFS
(Sampling)
(cont.)

(Sampling Theorem)
(Ideal Reconstruction)

- (Zero-Order Hold)
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(cont.)

(Over Sampling)
(Decimation)

(Interpolation)
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(cont.)
FS
DTFS  DTFT
FS FT
DTFS
DTFS

(Fast Fourier Transform, FFT)
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FT for Periodic Signals

FT - FT FS

FT

_FT 1 27 0 (w)

FT

A a—— Y (R 7%

x(t) FS > FT

()= XK & X(jwy=225 X[K] (- kay)

f=—00 [—— ey k=0
FS representation FT representation 9
~ :
3 FT Review

if X(jo)=215(w),

l ® . jot
x(f) = j_w X(jo) e do

1 o o
:ZLO 270 (w) e’ dw =1

if x(t)=5(1),
X(jo)=[ x()e’ do

=[ 8@y e dw=1
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FT Frequency-Shifting Review

if X(jo)=276(w-ka,),

1 (= . ot
x(¢) :Z.Lo X(jow)e' do

:i‘[oo 272-5((()—]((()0) ejwt da) — ejka)ot
21 =

11
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FT Time-Shifting Review

if x(t) = 5(t—1,),

X(jo)=[" x(t) e’ dt

] -t e =

12
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FS & FT Representation of Periodic
Continuous-Time Signal

)= Y X[Ke™ & X(jo)=2z3 X[K] 8- kaoy)

k=—0 k=—

Kikj

~ L ] ] I -
| Yo 2w, !
FT ”
2 o
s Example 4.1:
7 X(t)=cos(wgt) FT
Solution: -‘.e/'k“’oti. 21 8(ew—kay)

FT
cos(@,t) =% ol ;e"”"’ — %Zﬁé‘(a)—a)o)+%27z5(a)+a)o)

= 72'5(60— @, )+ ﬂé‘(a)+ a)o)
cos(w,/ ((jo)

: -
Fd
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% Example 4.2: p(0)= S(t-nT) FT
Solution:
PO  FS =2 (" o) e ar=2
T % T
+00 s 1 4o -
p(t) p(l‘): Z P[k] ejk of _ Z ejk o
k=0 Tk:—oo
X FT
FT o/ —s 272'5(0)—(00)
1 s kot FT 2 +00
o) FT  p0=2 % Y Slo—ka,)
Tk:—oo T k=—o0
15
g U,}
§ FalE}
| 5T AT r o T T AT '
. w0, = 2T
P(j)
Z
]
b |27 : 2r 47
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x(t)

FT

x(H)

: OF
% Problem 4.1: x(f)=sin(wg)  FT
' Solution:
: 1 . 1 .
x(f) =9 N(w.t :—e-lwot __e_.]a)of
(0) =sin(eyt) =— 7
.izl k = +1
x(t) FS X[k] = J
1
j2
+00 ) 1 A 1 ‘
X(t) x(t) — X[k] okt :‘_e_/a)ot —.—ef'/wot
k:Z:—oo j2 j2
17
o
P 4.1 (cont.)

x(t) = Z X[k] okt =‘iej{uot —'ie—ffvot
h= Jj2 j2

eja)ot i 27[5(&)_@ )
0

FT sin(@y) — = 5(w—a)- = (w+ a,)
J

18




P
o Problem 4.1(b) FT
L |
fi - ;_ L, 1 ; 4 B ] :
Solution: ( )
(@) FS
(b) FT
19
P
: DTFT for the Periodic Signals
i DTFT - DTFT DTFS
N-1
N x[n] DTFS xn]=>" X[k] ™"
k=0
1 ., PUT
DTFT e — 5(Q-kQ,)
27
DTFT 2n ( )
1 DTFT ©

20




1
s DTFT Review
: if x[n]=0[n],
X(ejQ)z Z S[nle’™" =1
DTFT S
it X(e")=o5(Q-k,),
x[n] = L S(Q-kQ,) e dQ = 1 e/*o"
21 o7 2r
1 g L S(Q- k)
2 21
1
g DTFT 2n ( )
] 1 .0 DTFT ®
—" o Y S(Q-kQy—m2r)
2 —
|
I K
4p Ip b AL g ip ap
kLl e kLl + 2p
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*d
° N-1 |
g N xn]  DTFS nl=>" X[k]e™*
& k=0 —
) N-1 ©
x[n] DTFT  X(e’)=> X[k]-27 D 5(Q-kQy—m2r)
k=0 m=—00
X[K] N N Q, = N(2n/N)=2n
{ Hint: X[K] 0 ~ (N-1)Q, }
DTFT ] ©
Anl & X(®)=27) X[k]5(Q-kQ,)
k=—o0
23
> ‘Ej
% ] N-1 0
X(?)=> X[k]-2z > 5(Q-kQ,—m2r)
o k=0 m=—o0

27 X[K]5(Q kO,

=2r iX[k] S(Q-kQ,)

m=0 l I l K 273 x[k]6(Q- k0, - 27)
) 1 2 N-1 b=
o R
N N+1 ON-1 Zﬂk;OX[kW(Q—on—M)
m=2 | NQ,=2r I ] I ] K
2N 3N-1
ZNQOZ47Z' 4% 24
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DTFS & DTFT Representations of
Periodic Discrete-Time Signals
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Pl x
25
§ Example 4.3 Inverse DTFT  x[n]=7?
5 ( Q,=n/N)
oy 1 1
x(e?)==s@-0,)-=5Q+0,), -z<Q<z
Jj2 Jj2

=TT T T T 1

1 o | 1

1

1 1 1

1 2 1

I : ] I 2p ik, [ I
1 L : [¥]
i Ip :I-' of 0 [ Ip L] o
l 1 : l Ip & Lk, ]
1 1
1 1
1
1

DTFT of periodic signal for Example 4.3.
26
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Solution: X(e) :
o) 1 1
X(e?)=—6Q-9,)-—58Q+Q,), -z<Q<x
Jj2 Jj2
Y 5(Q-9Q,)
2r
Lo 8 5(Q+Q,)
2r
X[n] — _( 1 JjQun 1 —lenj — i i JjQn 1 —jQun
j2\ 2% 2r 2w\ 2j oy
1
=S n(Q,n)
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Problem 4.3

DTFT = ?

(a) x[n]=cos(7zn/16)
(b) x[n]=2cos(37n/8+x13)+4sin(znl2)

(¢) x[n]= i S[n —10k]

k=—0

DTFS X[K] =
DTFT DTFS > DTFT

28
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Convolution & Multiplication with Mixtures
of Periodic and Non-periodic Signals

FT
DTFT

29
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WO =x(0)*h(t) & Y(jo)=X(jo)-H(jo)
FT

() & X(jo)=22Y XK S0 ko)

k=—o0

X[k] FS (  FS FT)

30
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(cont.)

Y(jo)=X(jo) H(jw)

WO =2 ht) & Y(jo)=21 Y X[K5(o-ke,) H(jo)

=—00

H(jo) 6(o—kay)= H(jka,)- 5o —ka,)

WO =2 ) Y(jo)=27Y X[K5(w—koy) H(jke,)

k=—0

31
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X(ja@ﬂ,
] l“' L
Faa, | -[D ]
K HESRN
H(jp) ]
S0 It s
OGO
2P (j22) |
i |DL i

2WX[H (je,) ] 32
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1
: Example 4.4
oL h(t) = (L/nt) sin(nt)

W, =271 4="
> Tk
— —




kﬂ

x(7) = Z X[k’ ?' 2 S x()

k=—o0

2 2

k=—0

¥ ﬁ.(g@_k_ﬂj $ ﬂ.g@_k_ﬂ)

&
Ex. 4.4 Solution
g - 2 Jkayt
XT[k] j x(@) e dr
k V4
1 1 e—J?l dz‘ _ l 2 e—jk;t 1
441 4\ — jkr -1
_ 1 e—JkE_ Jk% _ 1 ejk%—e_]k%
— jk2r jk2r
1 . (kﬂ']
= —sn —
'9/4 2
35
&
5 Solution: (cont.)

X(jo)= Z X[k] (2;;5[@—%]) 27:2 X[k]- 5(50—%”)

36
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Solution: (cont.)

Y(jw)= 25(a)+ jw& +25(w__j

TFT { }
y(t) = lej? +1+1e7’i? - £+1 ej? + eff'it
T 2 >

:14_2 (ejit _JE)/Z 1 ECO 7[_t
2 >t :

37
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Problem 4.4

LTI h(t) = 2cos(4nt) sin(xt)/(nt) FT

38
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P 4.4 Solution
Hint: h(t) = 2cos(4nt) sin(nt)/(nt)
sin(nt)/(nt) «> __ I |_ W =+n
2cos(4nt): +4n
~H(jow) = band pass filter

FT Solution: y(t) =0

39
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Multiplication of Periodic and Non-periodic
Signal

W) =g(0)x(t) © Y(jw)=%G(jw)*X(jw)

FT

x(7) & X(jo)= ZX[k]5a) ke, )

k=—0

XK FS N
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(cont .

g0)x(t) & GUo)* S XK 6(w-kay)

k=—o0

" G(jo)*o(w-kay) =G(j(o-kay)),

)

k=—0

W) =g@)x(t) & Y(jo)= XK Glj(w—kap))

41
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Example 4.5
y(®) = g(t) x(t)

(a)  Y(o) G(jo)

( b) g(t)=cos(t/2) Y(jw)
2r 27 &
Wy=—=—"=—
T 4 2
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Solution  The FS representation of x(t):

W O o Ske/2)

(@)

W) =g()x(t) < Y(jo)=G(jo) * X(jo)
= Z X[k] G(j(@—ke,))

k=—0

_ i Sln(k7z'/2)

T
2 k=—0

2r  2rx
a)oz?:T:

G(j(w-krl2)

44




‘qe1 dsd ® opny

¢

Solution (cont.)

(b) g(0)=cos(t/2), @, :%

g(?) <F—T> ﬂé‘(a)—%j - ﬂ5(0)+%}

W) =g)x(t) & Y(jo)=G(jo) * X(jo)
= > X[k] G(j(w-ka,))

k=—o0

_i Sln(k7z'/2) G(j(w—lkr!2)
: o/
% Solution (cont.)
T W0 =g0)x() & Y(jo)=G(jo) * X(jo)
Y(jw)= X[K G(j(w—kay))
—Z sm(k;:/Z) 6(j(w —k7z'/2))
- i Slﬂ(k;z/Z)( 5( —%—kﬁ/2)+7r5(a)+%—k7r/2n

—Z S'”(k’”z)( [ —%—kﬁ/2j+5(a)+%—kﬂ/2jj

46
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Solution for Example 4.5 (b)

Y(jw)= i Sin(k]zr/Z) (5(60_%_kﬁ/2j+5(w+%_kﬂ/2jJ

47
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Example 4.6
(AM)

r(£) = m(t)-codw,t)
m(t):
cos(wm, t): cos(@,?) <F—T> r8(w-w)+ 76w+ w,)

r(t) <F—T> R(jw)= %M(ja)) *[728(0 -, )+ 760+ 0, )|

- M(j@-0)+ 2 M0+ 0)




1
T g0=r0-esan) o SR(0-0)SR(wo)
cos(w, t): cos(w,1) S 78— )+ ré(w+w,)
g0 & Glo)=—RGo)*[m(o-0 )+ (0 +o,)
T
—~R(j(@- 0 )+ R(j(0+0,)
1
é m(t): spectrum M(jo) :

R(j@) =5 M((@=0))+ 5 M(j(0+ @)

spectrum G(jo) :

gt) & G(jo)

Gje) - %[%M(j(w—wc o) Mo+ wc))}

1

1. .. 1
+§{EM(J(a)+a)C —a)c))+EM(](a)+wc +a)c))}

:%M(j(w—ch»+%M(j(w))+%M(j(w+ch» )
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(a) Simplified AM radio transmitter and receiver.

(b) Spectrum of message signal. o
>
%j” rl il "
- ]| i
g . . : I -
$ Signals in the AM Transmitter jfw |-| |J| [ LI |J“"Wm
- -
& and Receiver -I )

| )
L]

Signals in the AM A A
transmitter and receiver. ; . .

(a) Transmitted signal r(t) _
and spectrum R(jm). N ;’f\
(b) Spectrum of q(t) in the

receiver.

(c) Spectrum of receiver

output y(t). VAN
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Example 4.7

DTFT
( 2M+1  Xx[n] )

x[n]= 00{7” n] + 00{97[ nJ
16 16

l 7l 1 B 71 1 97[}7 1 jgﬂn

="¢ 16 4+ = 16 += 16 += 16
2 2° 2 72°
x(e®)=12 5(9—7”]+12 §(Q+7ﬂj 2 5(9—9”} +22 5(9 9”)
2 16) 2 16 )2 16) 2 16

5(Q—7}+ 5(Q+7j+ 6((2 9j+ 5(Q+9ﬂ}
16 16 16 16

53
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2/
Ex 4.7 Solution
Mn] = x{n]-win] yin] X[]
~ 1 |n|£M
W[n]_{O, |n|>M
(e sin(Q(2M +1)/2)
- §nQ/2)

X(e,-g)zw(g_%j 5(9{_6} 5(9—‘3—6} 5(Q+i—6)

rem) oo xlem)ew(e)

. r i r i Or R 9r
= %[W{elmlﬁ)] + W{e](mls)] + W{ej(glﬁ) ] + W(ej(mlﬁ) D
54




g ‘-E., . L} L}
- | A1 1|/l
i | i
g - Y g |'|| r'lq
o 4 Lt _IUU uUUUh A
Window M
IﬂI Il‘ll
Q Q I A Window
|II II' |II II|
~S ey

Effect of windowing a data record. Y(el®) for different values of M,
assuming that Q, = 77/16 and Q, = 9n/16.
()M =80, (b) M=12, (c) M=8. -
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Problem 4.7
DTFT
- '
) —— (=il

yn] = x[n]+x{n] - z[n]

(a) z[n]=(-1)"
(b) Z[n]=ZCOS(7zn/ 2)

56




i
g  Solution:
g’ , DTFT _
(@) Znl=(-1)"=e’"" & Z(®)=225Q-7)
DTFT ,
Vnl=xn]+xn]-z[n] < Y()
Y(e™) = X(e’Q)+ X(e’Q)*2ﬂ5(Q )
=X(")+X(/ ”>)
57
1
§ Solution:

() Anl=2c08(n7/2) < Z(e?)= 2;;5(9 —%j ' 2ﬂ5(g +%j
Mn] = n]+xn] ] < ¥(e)

Y(e’®) = X (™) too ! X(e’Q) (2;;5(9 - %) + 27z5(Q + %D
j@+?)

X))+ x (@) x (@7

58
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§ Solutions to Problem 4.7
N Y (@) = X () + X (/)
p P B v E P h =
a o N \|:_., . o L
, , Q-2 (Q+2)
Y(e®)=X(E)+X(E 2)+XE ?) .
P
>
2 FT
. ® Q
* X(t) = elet g[n] = x(nT,) = el
* g[n] = x(nT;)
Ex: N=10, . Q,=27/N=xl5
e Q=0T

if T=5 , T =1/2
w,=2715=2715,
Qo =00, =27 /51 2)E x5




¢

"ge dsa s oipny

Q

FT

X[n]

DTFT € FT: (Q = 0T,)

DTFT

+00

DTFT: X ()= > x{n]e”™

n=-o0

X(iw) =X (" -y x[n] e /"
(o) = X( )szn 2;[]

61
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o(t—nT,)

+00

xa(t) = Z

n=—x
[

FT -
—jwl n
o e/

x[n] 5(t —nT)) & Xs(jo)=

e

x[n]

{Hint:

DTNS

X(iw)= X (e -y x[n] e/
(o) = X( )Q—wn FZ_@H

Time-shifting property

FT

+00

Z x[n] e/

n=-o0

62
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% Relationship between FT and DTFT
? Representations of a Discrete-Time Signal
:N : 2n
| HHT A VAVAVS
' .I. ] Z 1 J- [ ip il =p )
] =T,
[ X,(jo)y 1 2mm,
iy X IAVA\VAY
[ 1w ¥ 3 " @ »
x[n] 63
1
: Example 4.8
g DTFT pair FT pair =7
o DTFT X oy 1
x[n]=a"u[n] © (™) = o
Solution: E_______________________j
let Q=aT,
FT ) 1
x() © X(jo)=—x
1-ae’""
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% Problem 4.8
3 FT |
(@) T, =1/2 x[n] :M
(b) T,=3/2 i
Solution: T=o2n X(efQ)
DTFT )
xn] < X(efQ)
| |
Periodic Spectrum : - -3r/8 37/8 P
: < - 1 |Q<37/8
X(e]Q): z x[n] e*JQ” — ‘ ‘
n=-o 0, 3r/8< ‘Q‘ <
65
: OF
% Solution: FT Periodic Spectrum
g (a) Ts:1/2 éw:Q/TS:ZQ

(b) T,=32 2> 0=Q/T,=20Q/3

) T=2n/T. =4n
|

“

K, (o) T=2n/T,=47/3

| nrE
||;-. Ip |:Iu o o) Ip

66




1
FT DTFS
N X[n] DTFT
DTFT ) +0
An]l o X()=27) X[k]s(Q-kQ,)
k=—o0
X[k] DTFS Q=0T FT
FT ) +00
Anl © X(jo)=X(")=21> X[k]d(oT, -kQ)
k=—c0
{Hint: DTPS FT } o7
1
2 Q=0T FT

x[n] S X(jo)=X("")=2x ﬁ X[k] 6(wT, —kQ,)

k=—0

—2¢ 3 X[K] 8(T (0K, IT)))

5(aa))=%5(a))

X(" =27y X[k 6(T,(0-kQy IT,))

23 XK 6((0— kD, IT)

s k=—o 68
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Problem 4.9 (DTPS) FT pair =7

x[n] = COS(27Z nl N)

‘qe1 dsd ® opny

Solution:

X[}’l] = COS(27Z' n / N) = 1ejQOn + le—jgon;

2
2
period =N, Q,=—
N
Hint: DTFS = DTFT
DTFT > FT Q=oT,

69
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% Relationship between FT and DTFS representations
r of a discrete-time periodic signal
tlm] Qo =2rI N
{11 T RS T 1O
LX, (jdo)
”klnr” J-1|”k[r1|r1 g “11t41[|[1|h1[||f”1|@

x[n] X[n] 70




