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Fourier Applications

Lecture 4-2
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é Sampling Continuous-Time Signals
X(t) x[n]
Ts X(t) (sample)
* X[n] = x(nTy), n is integer
* x[n] xs(t) = Z x[n] 8(t—nT,)
x5(t) = i x[n] 8(t—nT,)= i x(nT.)S8(t—nT,)
-
= 5= Y xT)8(-nT)= Y x{e) 5(c-nT,)

=xl0)- Y, 8(e=nT)=x(0)-p(0).
where p(t) = i S(t—nT,)

n=—o0

X, (jo)=— - X(jo) Pljo)

1 2t &
Xg(ja)):ZX(ja))*Tﬂ > Slo-kw,)
s k=—o

where o, =2r|T, sampling frequency

o0

Xg(jw)=§X(jw)*2T—” 3 5(w—kws)=Ti > X(jlo-ka,))

k=—0 s k=—0 4
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N
: X(o)== 3 X(j(o=ka)
= s k=—o©
FT FT
(spectrum) ON
(DS
(aliasing)
5
o
é Mathematical Representation of Sampling

* Product of a Given Time Signal and an Impulse Train

* X[n] Xq(t) or Xs(t)

x5 (1) =x()- p(?)
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Aliasing ?
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The FT of a sampled signal for
different sampling frequencies.

(a) Spectrum of continuous-time
signal.

(b) Spectrum of sampled signal
when s = 3W.

(c) Spectrum of sampled signal
when s = 2W.

(d) Spectrum of sampled signal
when s = 1.5W.

o0

> X(jo-ka,))

. 1
X&(JW)ZF
s k=—o0

¢

Aliasing in FT Example

‘ge1 dsd ® opny

Aliasing
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2/ e W, =2713
I
miasingin NN
DTFT _
Example Xie WT,=n
W e
Q= O)TS o F f ] p L T
w8 =0l . WL =4z7/3
2 1
T ;
* :":.'\1 r_-\:_\_;-_ .‘wh r-b-:.'ﬁ i
= 272' 1) Ip B 1] Ip ] I
Aliasing
The DTFTs corresponding to the FTs, [DTFT ]
() os = 3W. (b) ws = 2W. (c) ws = 1.5W. 9
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o .
4.--" The DTFTs corresponding to the FTs,

(@) og=3W. (b) o, = 2W. (c) o, = 1.5W.

v Q=0T, .. Q =a)STS:2—7TTS =2r

N

"+ FT spectrum bandwidth, o, =W
.. DTFT spectrumbandwidth, Q= w, T, =WT,

(@) o, =271T,=3W, T =27/3W

WIT. =213

b)) o =27xIT.=2W, T =xlW
WI =rx

() o,=27IT. =312, ..T =4rl3W
WT =4r/3

10
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2 Sampling a Sinusoid at Different Rates

The effect of sampling a sinusoid at different rates (Example 4.9).

(a) Original signal and FT.

(b) Original signal, impulse sampled representation and FT for Ts = Y4,
(c) Original signal, impulse sampled representation and FT for Ts = 1.
(d) Original signal, impulse sampled representation and FT for Ts = 3/2.

A cosine of frequency 7/3 is shown as the dashed line. 1

w=27lT=2r72=r

geT dsd ¥ olpny
\li
F

o, =271T,
=271(1/4)=87r

o1 | Ml :'I-.l-I .
TS: ]/4 II_.LI ! ”_,l' {.I_}' - '{_I__I- a3 Bl F i (]
-y g L 2. 0,=27lT,
..l T 1 fTal & f =2rll=2x
I-"'l ) |'ll-.rl'- ! |IIT- |
TS - 1 | |--'I i ll'l.-' I".l.l' A ' f
. o =21lT,
1 vee T v =271(312)=4rx13
¥ g e gl e
Ts:3/2 :""_‘l':: 1: "'I - -:l.-a-__j- | - I." I.- .I- : I| --| -
' 12
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Aliasing in a Movie

(a) Wheel rotating at o (radians per second) and
moving from right to left at v (meters per second).

(b) Sequence of movie frames, assuming that the
wheel rotates less than one-half turn between frames.

(c) Sequences of movie frames, assuming that the
wheel rotates between one-half and one turn between
frames.

(d) Sequence of movie frames, assuming that the
wheel rotates one turn between frames.
13
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&
30 frames/sec., T, = 1/30

(a) o radians/sec. (r = 1/4m)
v meters/sec. = or = o/4 (m/sec.)

(b) ol < (i.e. <n).

> o< 30n ( o< )

9

(c) : <oT < (le.t< 0T <2m).

2> 30n<w< 60r > 30n/4 < w/i4< 60n/4
-2 23.5m/sec. < v< 47.12 m/sec.
> ( )

(d) toTg = (i.e. oTg=2m).
2> o= 60r~> v= 47.12 m/sec.
> ( )

14




-----

\

O e
(b) - — e AN —
Y |
@- (397337337
15
g
= Problem 4.10 FT
S @T,=1/2 (b) Ty=2 FT
J
—p/2 | o
-p 0o p2 p
—J

0

> X(jlo-ka,))

1
Sampled Spectra: X5 (]a)) =
T; fk=—o0 16
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- Solution to Problem 4.10
3 T=% ,3
g (0N = ZTC/TS =41 \.:I X‘;(ja)): ZkZZ:_w X(](C()—k47[))
1 S e L
—I_I JI'I:' il [} *n _-lF
Ts =2 (it
=20/, =n E Ydl(jo) EX( (1/2)2)( w—kr))
:‘ P 0 p il_, n L E
L |
17
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Sub-Sampling: Sampling Discrete-Time Signals

* y[n] = x[q n] q
* X[n] X(t)
*y[n] X(t)
q aliasing

x{n] = x(nT))
y[n] = x{nq] = x(nqT,)

19
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Problem 4.11
q=2,0rq=5. yn] = x[gn] = ?
x[n] = ZCO{znj = ej%n + e_j%n
3
o X(e) = 27:5(9 —%j + 27:5(9 + %j
<q=2case>
y[n] = x[2n] = ZCO{% 2nj = ejg +e 3

@Y(ejg)=ﬂ5(ﬂ—2?ﬂj+ﬂ'5(ﬂ+2?ﬁ} -T<Q<+7x

20
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P 4.11 (cont.) y[n] = x[5n]
x[n] = ZCOS(z nj = ej%n + eij%n
3

o X(e®) = 27[5(52 - %} + 27r§(Q + %}

‘qe1 dsd ® opny

<g=95 case>

y[n] = x[5n] = ZCOS(% SnJ _ 3 e

< Y(e™) :2—7[5(9—5—”i 27[}+2—7[5(Q+5—7[i27z)
5 3 5 3

:2_72'5 Q+Z +2—7T5 o-Z , —n<Q<r
5 3) 5 3

21
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(Sampling Theorem)
(Ideal Reconstruction)

- (Zero-Order Hold)

Reconstruction
_1_[r|| —_— —_— 1]
system

23
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Sampling Theorem

FT
x(t) & X(o) o
X(jw) =0, V‘a)‘>a)m

0 =21/Tg 22 o,

(or fg = 21,)

(Nyquist frequency) :
o, =2n/T, =2 0w, (orf, =2f,)

24
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o Not One to One Mapping
7 x[n] ( )
x[n] = x,(nT,) = x,(nT,)
(aliasing)
x () --------
x,(t) x[n]
25
P
é Example 4.12
c x(t) = sin(xt)/ nt
T=7? X[n] = x(nT,)
Solution:
; FT 1 |0 <107
() =30 L ()= &
Tt 0, ‘a)‘ > 107z
w,, =107 ““ I
2—7[ > 2w, = 20r, |
Lixg
- T, <01 ™ o+ %
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o Problem 4.12

§ T,=7? X[n] = x(nT,)

( x(t) FT)
Solution:
@,, :977[, 27; > 20, =97
9
% (Ideal Reconstruction)

( )

x5(0) = x(0)- p() = x(0)- 3 8(¢~nT,)

= 3" x(uT) 8(¢-nT,)

n

!
8

8

= x[n] 5(t—nTS)

S
I
8

28




¢

é (cont.)
FT FT
( o )
. 1 . .
Xs5(jo) =2—X(Jw)*P(Jw)
1
=— (]a))*—Z&a) ka))
2 s k=—0
1 o0
== k
T Z (j(0-kw,)) )
1
Xy(jo) X(jo0)

ko

X,(jo)=7 3 X(j(o-ka)

s‘ k=—o0

X(jw) Low Pass Filtering

X(jo)=X;(jo)-H,(jo)

H (jo)=1" ‘a)‘ﬁa)SIZ
S 0, ‘a)‘>a)s/2

30
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2 Time Signal Reconstruction
x(0) = x; (1) b, () = b, (1) %, (1)
=h,(0)x Y, Anl6(~nT,) = 3 x{n] h,(t-nT))
=Y xn]sinc(w, (t —nT.)I(27))
. _sin(z x)
T sin(% 1) ek ==
h (1) =
Tt 31
1
S Ideal Reconstruction

(a) Spectrum of original signal.
(b) Spectrum of sampled signal.

(c) Frequency response of reconstruction filter. »

L
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Ideal Reconstruction in the Time-Domain

e,
B

PR s

------

x(t) = x;() *h, (1) = ) xn] h,(t-nT))

sinc

0

n=-—0o0

de =3 dnlsinc(o, (t-nT,) (27))

n=

33
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Zero- Order Holder

X[Nn]

(Zero-Order Hold)




‘qe1 dsd ® opny

¢

Reconstruction via a Zero-Order Holder

ho()

xo(t) = x5(6) ¥ ho(t) = D xn] ho(t—nT))

n=-—0

35
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&

Reconstruction in Frequency

Xo(jo)=Hy(jo) X;(jo)
= [25/'@“2 SNet, 72) 2)} X, (jo)
@

H(je)
(main lobe)

H(jw)
T2

36
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5 Effect of the Zero-Order Hold in the Frequency
z Domain
' ra
" .-""ﬁ“"'-\. -
A

(a) Spectrum of original continuous-time signal.

(b) FT of sampled signal.
(c) Magnitude and phase of Ho(jo).

(d) Magnitude spectrum of signal reconstructed using zero-order

hold.

37
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&/ _/\_ H, ()= { 5y o2 SN(@T, /2)}

w

Thel® zerocrossing: w=*w
S
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Zero-Order Holder Disadvantages
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1 T2

2. -0, O Xs(jo) ( main
lobe )

3. ®

Compensation Filter (or Anti-imaging Filter )
39

&

The Compensation Filter (anti-imaging filter)
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The Compensation Filter (anti-imaging filter ) used to eliminate
some of the distortion introduced by the zero-order hold.

oT,
H.(jo)= 2sin(wT, 12)’
0, |a)| >0, -0,

A%

It care F"“'--..___-_l__.___,_.-""'\ hoin’n care

| <

m

4 X
I 2]
— O]
L™ . — o
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: Block Diagram of a Practical

5 Reconstruction System ( )
I = — =

Jn‘[Tl]’l'li _. W K/\/\

41
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Anti-Imaging Filter Design With and Without
Over-Sampling
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Anti-imaging filter design with and without over-sampling.

(a) Magnitude of Ho(jf) for 44.1-kHz sampling rate. Dashed lines
denote signal pass-band and images.

(b) Magnitude of Ho(jf) for eight-times over-sampling (352.8-kHz
sampling rate. Dashed lines denote signal pass-band and images.

(c) Normalized constraints on pass-band response of anti-imaging
filter. Solid lines assume a 44.1-kHz sampling rate; dashed lines
assume eight-times over-sampling. The normalized filter response
must lie between each pair of lines.

42
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g’ Image
THid |
f, =352.8kHz
Over sampling

I " '-I.;l.- l ) : 43
> O,
° Block Diagram for Discrete-Time
S Processing of Continuous-Time Signals

(a) A basic system.

(b) Equivalent continuous-time system.

e ~ - ~
’ N g N
1 \‘ /7 \
I 1
drmr-ghasgeg ] Haraplrm =l alad Mearpke el g £
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~ — - 4 ~ ~ - - - -
Eipdvaker
e e
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Effect of Over-Sampling on Anti-Aliasing
Filter Specifications ( )

Effect of over-sampling on Anti-aliasing filter specifications:
( )

(a) Spectrum of original signal.

(b) Anti-aliasing filter frequency response magnitude.

(c) Spectrum of signal at the anti-aliasing filter output.

(d) Spectrum of the anti-aliasing filter output after sampling. The graph
depicts the case of oy > 2W..

‘ge1 dsd ® opny

Anti-aliasing Filter

X(j)

1 Stop band
' “

\ ! > -7 W ' u
et L im :
1
' @) " Transient band
noise

Transient m ﬁ

noise

- -
W
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§ (anti-aliasing filter)
4 o, —W. >W,
pass band
o, —W,>W W =W +W,
o,—W+W)>W
o, —W.>2W or W <a, -2W
. W, ( )
. 0 W
» Decimation & Interpolation W
a7
i
% Decimation ( )
] Ta X0 X[n]
T x(t) X,[n]
Ta=aTg, g
Decimation Te T ( )
Decimation (WT; )
Decimation X, (ei?) X, (el
Decimation WT,, WTg,
Decimation q
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Effect of changing the sampling rate.
(a) Underlying continuous-time signal FT.
(b) DTFT of sampled data at sampling interval Ts1.

(c) DTFT of sampled data at sampling interval Ts2. 4o
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The Spectrum Results from Sub-Sampling
the DTFT X,(ej®®) by a Factor of q

g[n] = x(qTs n) Xo[n] = x(nTy)

X [n]=x(nT;), gln]=x,[qn]

G(e’®) = ; mzz;) X, (ej((ﬂ—mzﬁ)/q))

Iid o
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Frequency-domain interpretation of
decimation
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(a) Block diagram of decimation system.

(b) Spectrum of over-sampled input signal. Noise is
depicted as the shaded portions of the spectrum.
(c) Filter frequency response.

(d) Spectrum of filter output.

(e) Spectrum after sub-sampling.

51

¢

[ ]
] = ks ——r = —_—
Mar®)
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% Symbol for Decimation by a Factor of q
x[n] — ;q —_— 0]

-

é (Interpolation)

Ty X(t) X,[N]
Ts X(t) xz[n]
T sl = q T s2 1 q

Tsl TSZ

Xy () Xy(e?)

WTsl WTsZ = WTsl /q
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Frequency-Domain Interpretation of Interpolation
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(a) Spectrum of original sequence.

(b) Spectrum after inserting g — 1 zeros in between every
value of the original sequence.

(c) Frequency response of a filter for removing undesired
replicates located at + 2n/q, + 4n/q, ..., + (q — 1)27/q.

(d) Spectrum of interpolated sequence.

55
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&
Interpolation System Diagram
lTThT.l’u ; T---T-I'--I-]-T . 'fh]rT]“[T'u LT  pk

(a) Block diagram of an interpolation system.

(b) Symbol denoting interpolation by a factor of g.

57
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&
Block Diagram of a System for Discrete-Time
Processing of Continuous-Time Signals

Including Decimation and Interpolation.

I
Anki-aliiaing REN! Sample o [ Decimation 1
Tfd ] —— falier _ inierels [ ik :
M i jvi of T, H e EY i
1
F———————————— 1 r] :
I I
[ Imaer s = 1 I eiml . [ Subsample |
| E | Dhasiretc-lisne al™ |
woree heiween  ————— [
: cnch wulue i s M :
1 I ]
I | ittt -
| I Lkcimmic by 4
I i
: Irgerpawticn : v [n] Sample and w0 Fl AmEi-imuging
1 falicr —_—— hkla T, —— Nker e A 1]
| e M (v
I
I

1
I
|
Interpailale by -
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FS for Finite-Duration Non-periodic Signals

Relating the DTFS to the DTFT:

X[Nn] M
x[n]=0, n<0 or n>M

X[n] DTFT

X(?)=> xn]e

n

<
LR

Il
o

59
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x[n] N>M x[n]

o0

;c[n] = Zx[n +mN|

m=—0o0

x[n] DTFS

)}[k] iNz x[n] e /%" —iMz_l x[n] e /"
N n=0 N n=0

60




1
X X
X(e*)=) x[n]e DTFT
n=0
~ 1 M- )
X[k] = Z x[n] e—]kQOn DTFS
NS
~ 1 P
X[k]=—X(e™)
N Q=kQ,
61
1
5 The DTFS of a Finite-Duration Non-Periodic Signal
3 Duration = M Expanded to Duration N
._;1.'|'-.|”II|'_;._.._.. g e = .i'l['.l_lr.;. . ...]flrlf.. . .:.__1[ :

-

AMM e il

62
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The DTFT and length-N DTFS of a 32-
point cosine.

The dashed line denotes |X(ejQ)|,
while the stems represent N|X[K]|.
(&) N =32, R 11 e 1

(b) N = 60,
(c) N = 120.

63
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&
Fourier Series Representations of Finite-
Duration Non-periodic Signals

Relating the FS to the FT:
X(t) To
x(t)=0, t<0 or t>T,

X(t) FT
X(jo)= j‘” x(t) e dt
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Relating the FS to the FT (cont.)

X(t) T>T,

x(t)= Y x(t+mT)

=—00

x(t) FS

SO NP
X[k == jo x(t) et dt

_ 1 7 —jkay t
—?IO x(t) e dt

65

‘ge1 dsd ® opny

&

X(jo) XK
X(jo)=[" x()e "™ dt gy

N _ 1 To —jkay t
XK= jo x(t) e ™' dt  Es

XTk] = %X(jw) oo

S
66
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o Block Diagram Depicting the Sequence of
- Operations Involved in Approximating the FT with
7 the DTFS
e Sample S L T L | Fere el N poini k)
) a ¥, ™ kengih M * o lemgth W * OTFS *
w ||
67
:
o Effect of Aliasing
X qliv a) =V
L .,.---.- [ '-.l--':_ v i
- ™ aliasing -l Y =

68
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Magnitude response of M-point window

| W g a) =V

69
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DTFT Approximation to the FT

The DTFS approximation to the FT of x(t) = e-1/10
u(t)(cos(10t) + cos(12t). The solid line is the FT |X(jw)|, and
the stems denote the DTFS approximation NTs|Y[K]|. Both
|X(jo) and NTs|Y[k]| have even symmetry, so only 0 < @ < 20
is displayed.

(2) M = 100, N = 4000.

(b) M = 500, N = 4000.

(c) M = 2500, N = 4000.

(d) M = 2500, N = 16,0000 for 9 < o < 13.

70
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DTFS Approximation to the FT

The DTFS approximation to the FT of x(t) = cos(2r(0.4)t)
+ cos(2n(0.45)t). The stems denote |Y[K]|, while the solid
lines denote (1/M|Y$5 (jw)|. The frequency axis is
displayed in units of Hz for convenience, and only
positive frequencies are illustrated.

(a) M = 40.

(b) M = 2000. Only the stems with nonzero amplitude are
depicted.

(c) Behavior in the vicinity of the sinusoidal frequencies
for M = 2000.

(d) Behavior in the vicinity of the sinusoidal frequencies
for M = 2010.

72
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d
o DTFS Decompositions

Block diagrams depicting the decomposition of an inverse
DTFS as a combination of lower order inverse DTFS'’s.

(a) Eight-point inverse DTFS represented in terms of two
four-point inverse DTFS'’s.

(b) four-point inverse DTFS represented in terms of two-
point inverse DTFS'’s.

(c) Two-point inverse DTFS.

74
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Efficient Algorithms for Evaluating
the DTFS- Fast Fourier Transform (FFT)

‘qe1 4sd ® oipny

« FFT DTFS ( )
- DITFS DTFS

b e jk2mn

DTFS e |

Il
o

n

=
N

xn] =D, X[k] e

0

bl
Il

N

75

DTFS (Even Number N)
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X,.[k]=X[2k], O< ksg—l

X, ulk] = X[2k +1], ngg%_l
DTFS

DTFS;Q

Xowltl o X,[K]

DTFS;Q,

Xulnl o X,k

76




P
=3 N-1 )
o x[n] = Z X[k] e
c k=0
7 24 2
=D X[2k] &% + > X[2k +1] &/
=0 k=0
Ny Ny
2 . 2 ,
=Y X[2k] & + ™" X[2k +1] & *"
k=0 k=0
Ny Ny
= Z X[2k] /%" + /%" Z X[ 2k +1] /%"
k=0 k=0
let N'=N12, Q,'=2Q,=27n/N",
Xeven[k] :X[Zk]’ Xodd[k] :X[2k+1] 77
P

N'-1 N'-1
x[n] = Z X, [k] ™" + e/ Z X, [k] e
k=0 k=0

=x,_ [n]+ e/ - X, 1]

even

X[n]
‘xeven[n] = ‘xeven[n + N']’ xodd[n] = xodd[n + N|]

~2l[n+N-] 2r N
JQo[n+N'] — J N JQon TN 2

e e k4 ‘e

iQan T iQan
:ej 0 _ej :_ej 0

78
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<~
X[n] X[0] ~ x[N’-1]
xn]=x,, [n]+e™ " -x, ,[n],
X[n] X[N'] ~ X[N-1]

O0<n<N'-1

An+N]=x, [1]-" x ,[n], 0<n<N'-1

79
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&

N=2 Case

N = 2 case: DTFS X[k] =?
N2=4 , N(N-1) = 2

Nl —jkz—”n
X[k] = Zx[n]e N
n=0

N =2 case

For FFT: 2
2

X[k]1=> x[n]e ™™

n=0

= X[0] = lex[n] =x[0]-e° +x[1]-e/° = x[0] + x[1]

n=0

= X[1] = ix[n]e’jk”" =x[0]- e+ x[1]-e*

= x[0] — x[1]

80




P
% N=4 Case N = 4 case: X[k] =7
5 s . |N2=16 . N(N-1)=12
XK= xlnle "2
n=0
3
X[0] = Zx[n] % = x[0]+ 1] + 2 2] + x[3]
n=0
3
X[2] = Zx[n] e = x0] - 1]+ x[2] - x[3]
n=0
3 7j£n jz jz
X[ :Zx[n]e 2 =x[0]-e 2-x[I-x[2]+e ?-x[3]
n=30 _i% i s
X[3] :Zx[n]e 2 =x[0]+e 2-x[]—-x[2]—€e 2 -x[3]
n=0
81
z ‘_’q} X[0] = X[0] + x[1] + x[ 2] + x[3]
§ FFT for N = 4 case: X[2] = (0] - x{1] + 2] - +{3]
S XM= X0 =0 ¢'2 g {2+ % 3
4log,4=8 X[F =20+ 1] —x{2] ¢’ 2 -2[3]

X[Q]

X1

X[2]

X[3]
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¢

N = 4 case: DTFS X[k] =7

‘qen 4sd ® olpny

N-1
X[k] = x[n]e fork 0,---N-1
n=0
X[k] N=4 N-1=3
N X[k N2=16 N(N-1)=12

FFT, N =4 case: X[K] =7
4 X[k] 4log,4=8 8
Total : Nlog, N
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¢

Bit Reversal
Even Index Odd Index

‘qen 4sd ® olpny

Example:

Old Sequence: x[0], x[1], x[2], X[3], x[4], X[5], X[6], X[7]
At k=0,1, 2, 3,45,6,7

- k=000, 001, 010, 011, 100, 101, 110, 111

Bit reversal

-> k' =000, 100, 010, 110, 001, 101, 011, 111

At k=0, 4,2, 6,1,5, 3,7

New Sequence: x[0], x[4], xX[2], x[6], x[1], xX[5], x[3], x[7] &




3 Bit Reversal (cont.)
% Even Index  Odd Index
7 Example
Original: x[0], x[1], x[2], X[3], x[4], X[5], X[6], X[7]
Even: x[0], x[2], x[4], X[6]
Even: x[0], x[4]
Odd: x[2], x[6]
Odd: x[1], x[3], X[5], X[7]
Even: x[1], X[5]
Odd: x[3], x[7]

Final :x[0], x[4], x[2], x[6], X[1], X[5], X[3], X[7] &
i 1  FERNYE
% = ..:‘-.111’1.;::’ .

g _ j\_.ﬁ;"x {
= B WM
N=8 o e -"'l:_.-" IT‘-:"
AN
PR
N=4 — —x—ﬁ{:—
| DU,
N=2 | i -
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¢

Find x[n] From X[Kk] (N=2 Case)

‘qe1 dsd ® opny

N1 j/cz—”n
x[n]zZX[k]e N
=0
N =2 case

x[n] = Zl:X[k]ejk”"

= x[0] = leX[k]ejk”" = X[0]-¢° + X[1]-¢’° = X[0] + X[1]

k=0

= x[1] = Zl:X[k]ejk’”’ = X[0]-¢° + X[1]-¢’" = X[0] - X[1]

k=0
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¢

FFT Butterfly for N =2

‘ge1 dsd ® opny
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‘qe1 dsd ® opny

¢

Find x[n] From X[k] (N=4 Case)

x[n]= Zle[k]e"k’"’/2

= x[0] = Z?’:X[k]e"'k’"'/2 = X[0] .e’® + X[ -ej0+X[2] .e’® JrX[3]-ej0

k=0

3
= x[1 =Y X[k]e"™'? = X[0]-¢”° + X[1-e/"' + X[2] - + X[3]- /"

k=0

= x[2] = ZBZX[k]ejk”"lz — X[0]- ¢+ X[1]- & + X[2]- ¢/ + X[3] - &>

k=0

3
= x[3]= Y X[k]e"™' = X[0]- ¢ + X[1] - **'2 + X[2]- &/ + X[3] -/

k=0

> ‘_9,}

: FFT Butterfly For N = 4
X[0] x[0]
X[2] x[1
X[ x[2]
X[3] x[3]
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‘qe1 dsa ® opny

¢

Diagram of the FFT algorithm for computing
x[n] from X[k] for N =8

N

%

L.

- _-_}i

\;}':

e

o -

XX B

WK
™

/AN
—7 X

= =

b t

» = —_
g g
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