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Signals and Systems

Lecture 1-2
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Elementary Signals

e Exponential Signals
 Sinusoidal Signals

« Exponentially Damped Sinusoidal Signals

« Step (Function) Signals
e Impulse (Function) Signals

« Ramp Function of Unit Slop
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Exponential Signals

x(t)=A4e”

a <0 : Decaying Exponential Signal
a > (0 : Growing Exponential Signal

e = 2.7/1828183...
e’ =1

e’ = 2.71828183...
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(a) Decaying exponential form of continuous-time signal.
(b) Growing exponential form of continuous-time signal.
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Example:

Lossy capacitor, with the loss represented by shunt
resistance R.

w(f) = % (" i(r)dr

d

v(t)=—i(t)-R=—RC—v(t) *
dt

v(t) =<C

' iv v(f) =
..RCdt ()+v(t)=0

v(t) =V, g /(RO)
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(a) Decaying exponential form of discrete-time signal.
(b) Growing exponential form of discrete-time signal.
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Sinusoidal Signals

x(t) = Asin(ot + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

[N/

@. phase

RV
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Sinusoidal Signals (cont.)

x(t) = Asin(wt + ¢)

A: amplitude

@:. angular frequency(radians | Sec)

@. phase

[N/

\/

14
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Phasor and Sinusoids

dh
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45°

b

Phasor at 45°

4k

)
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Phasor at 90°
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Phasor at 135°
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geT 4Sda ® olpny
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Phasor at 180°

b
) =180°

)
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0 = 225°

Phasor at 225°

A

N
)
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‘) Phasor at 270°
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Phasor at 315°

4k
\
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Phasor at 360°

dh

23



‘qe71 dsa % oipny

Xy

-5

]

30 (T =0.1 sec., ®=2n/T=20n)

0,1 0.2 0.3 0.4 0.5 0.6 ) 0.8 0% |

30 s

(a)

] 0.2 03 .4 L5 L6 07 .5 .5 |
Time ¢

(b

(a) Sinusoidal signal A cos(wt + @) with phase @ = +n/6 radians.
(b) Sinusoidal signal A sin (wt + @) with phase @ = +r/6 radians.

24
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cos(fd) =—

sSin(@) =—

Triangular Function

P




‘qe71 dsa % oipny

¢

Sinusoidal Function

O=wt (redians= redianssec)
SEeC.

w. 2rlT

. 0 ~ 2n

t: 0 ~ T

T: Period ()

Counter-clockwise

26
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Sine

x(t) =9iN(wt)

-

W 0 N /2 3 /4 .

21
-2

T=2
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Cosine
x(t) = CoS(w1)

/N )

O\/ \/

[



‘qe71 dsa % oipny

¢

Cosine with Phase

Time scaling and shifting ??7?7?7?

~
N

Cosine ty, =7

29
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Cosine with Time Shift

x(t—t,) =coS(wt+ ¢
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Cosine with | Time Shift (Cont.)

N/

-

x(t—t,)=coS(w(t—t,))=cos(wt—wt,)

¢:—a)td _ —

A RAVARY,

4 i

=coS(wt + @)

4 ;
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ot=n/2:t=T/4

ot = 3n/4
t=3T/8

ol=mr

t="T/2

ot = 5n/4
t=5T/8

ot = 7n/4
ot = 3r/2 t=7T/8
t=3T/4 32
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Parallel LC circuit, assuming ideal inductor L and capacitor C

‘qe71 dsa % oipny

( )
e 0 i = C L v(r)
LC?V(ZL)‘FV(ZL)— - dI
solution : +
v(t) =cos(wy,t), t=0 b (1) T L c
1
Oy = ——.
0 \/E —

33
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W) = = j_;i(f) dr = i(t) = civ(t)

d d°
v(t)——Lzz()——L dt( Zv( )j —LC?v(t)

2

d
S LC—v()+v(t) =0
” (1) +v(2)

solution : —
+
v(t) =cos(wy,t), t=0 |
. 1 V(1) L =

34
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LCs*+1=0,
1 1
= [Cs°=-1 —=s°=——— =>s5=%]j ,
—LC J\/LC
solution :
o [
lesltJr}est:} efﬁJre‘fﬁ _| € +e
2 2 2 2
\ J

35
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Discrete-time sinusoidal signal

0.5
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Sinusoids & Complex Exponential Signals

Euler’s Identity:

e’ = cos8)+ jsin(6)

Complex Exponential Signal:

/%) = coswt + @)+ jsin(wr + ¢)

- Rele’ @9} = cos(wt + ¢
- Imie/@ 9 = sin(eot + )

37
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Sinusoids on the unit circle
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n=CO
{3

7T
—nNn

j+jsin(%n)

Imaginary axis

Unit circle

=( Real axis
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Exponentially damped sinusoidal signal

(Ae “ sin(wt), with A =60 and a= 6.)

60
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Parallel LRC circuit, with ideal L,C and R

( )

40



‘qe71 dsa % oipny

&

Cdv(t) v(t) 1
d R L

j v(r)dr =0

dvz(t) 1 dv(t)

C 2
dt R dt L

v(t)r 0

Solution .

t

v(f) = Vye 25€ codayt), t>0,

w_\/1_ 1
> VLC 4C?R?

41
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The unit-step function of unit amplitude

Continuous-time Step (function) Signal

( )

1, t=>0

\O, t <0 u(t)

u(t) =+

42



95
2
o
Ro
O

Discrete-Time Step Signal

D
=

Discrete-time Step (function) Signal

( )
1 n>0
0, n<O0

uln] =+

u[n]

oool LITITTITT "
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he difference of two step functions:

Note that x(t) = X,(t) — X(t).

x(r) x (1)
A
A —_
—
—1 -0.5 0 0.5 | —1 0.5 0 0.5

(a) (b)

xa(1)

A
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The difference of two step functions:

Note that x[n] = x,[n] — X,[n].

x[n]

Q
@ o o e e o n
—

x,[n]

[ 7]

ST

-OOTTTT...H p
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Example:
(a) Series RC circuit with a switch that is closed at time t = 0, thereby energizing the
voltage source.
(b) Equivalent circuit, using a step function to replace the action of the switch.
Close
switch 1 I
[
ﬂ:_ =0, R ' R
I ;
o —W— —AM "
I
voltage ' I
—_ Viuli g 1
Vo ! | _
! !
(a) (b)

46
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Discrete-time form of Impulse

n=0
5[n]={1'

0,

din] or o[n]
1.0

o

|
Oy @

|
o 0

, O

— O

b O

w O

= O

a7
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Continuous-time form of Impulse
5(1)=1ims, (1
=, —S<t<+4 f
S, ()=45" ° i TS di=1 t=0
: {O, others 5(t):4j—oo ) .
0, t#0
8A( t ) t=0 ( :1)
0, (1) 2t
i x//AFE'Li:]
Arta\:] A rs Iﬂ”'ﬁrm:I ‘ Strength = |
anlay
a2 ) walz 3 | -

48
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o(t) vs. u(t)

Unit-step function 1 >0
u(t) = .
0, <0

Continuous-time Impulse function

r 5(T)dr={1’ 120
—o0 0, t<

t<0
t <0 t=0
t o< T< t
2 s \ 5(z)
_____ \\ | SR S — -
|f 4 49
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-.-u(t):{](; i% e [ 00 dfz{l

u(t) = foo o(r)dr

d d ¢
Eu(t) - Lo 6(z) dr = 5(¢)

t>0

0, <0

50
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o(t)

t=t,  X(t)

( =1

x(2)

/C(to) ________________ i

J‘oooo X(t) §A (f—to) dt = X(to)

51
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L= to X(t)

[ " x(0) S(t-t,) dt = x(t,)

—00

o(t—1t,)
X(t) 4 x(to) 5(t - to)

/C(to) ----------------- = /

2

[
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3(t)

1
6(at)=—0o(), a>0
a
1 —é<t<+é 1 —A<t<+A
o) =4A" 2 2 ; o (at)=3A" 2a 2a
0 0,
area of 6,(1) =1, area of 0, (at) = 1
a

so(t) = IAiilg 0,(t) = IAiLTg a-o,(at) = a°|AiLTc1) o,(at)=a-o(at)

o(at) :15(0

53
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Steps involved in proving the time-scaling property of the unit
Impulse

(a) Rectangular pulse x, (t) of amplitude 1/A and duration A , symmetric about the
origin.

(b) Pulse x, (t) compressed by factor a.

(c) Amplitude scaling of the compressed pulse, restoring it to unit area.

ax (1)
x (1) x (at) al A
1/A I/A -
| Area = I fArea = E]? fﬁl‘ﬂﬂ =
al e i
[ [ !
0 0 0
—— A ""_AJ'"'H — -n—A,.Fﬂ e

(a) (b) (c)
54
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h[n]

o[N] Convolution Sum

X[n]
6[n]

dnl=S x{k] 6ln—k]

k=—o0

y[n]

+00

vnl= D k] hin—k]

k=—0

Convolution Sum

55
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h(t)

o(t) Convolution Integral

X(t)
o(t) '

x(0) = [ x(z)S(t—7) dr
y(t)

y(0)= [ x(z) h(t-7)dz

Convolution Integral

56
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5(Q)
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X(e™) = fa(gz — 27k)

k=—00

X (e”)

[ ][] ]

—4r -27 O 27  Ar
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o[n]
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dnl =S Sln—kN]

k=—00

x[n]
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Example:

(a) Parallel LRC circuit driven by an impulsive current signal.

(b) Series LRC circuit driven by an impulsive voltage signal.

e i
-
I (1)
_l_
or - or
1,6(t) ) 240
(&) (b)

59
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o[n]

only for n =k, d[n-k] = 1.

x[n]-o[n— k]

= x[k] - o[n—k] = x| k]

60
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o[n]

Anl*6ln—ny)= S 8Tk —ny] dln—A]

k=—o0

"k =ngy only,

x[n]*o[n—n,] =x[n—n]

61
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x(t)-0(t—7)=x(r)-0(t—71)

3(t)

62
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3(t)

x(£) *S(t—t,) = j: S(r—1t) x(t—1)dr

T =1, only,

63
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Ramp function of unit slope

~—~~

~
A~
A N
—
1
/\.

ft’

)

r(t)

>
t20 Unit slope

Time t
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(a) Parallel circuit consisting of a current
source, switch, and capacitor, the
capacitor is initially assumed to be
uncharged, and the switch is opened at
time t =0.

MY Eriinialant cirmniit ranlarninAa tha arntinnn

dc
current
source

"{'F

Tou(t)

i(t)
» P +
? = V(1)
Switch
1s opened
att=0
(a)
i1)
> +
C == v(1)
(b)

65
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(b) Equivalent circuit replacing the action
of opening the switch with the step

function u(t).

dc
current
source

"{'F

Tou(t)

i)
» > +
I ? == V(1)
Switch
1s opened
att =0
(a)
it)
4 -
C == v(1)
(b)

66
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(1) = % [ i(r)de= % [ Uy u(@) de

it, t>0
C

0, <0
I

0 iy —Jo
=Etu(t) e (7)

67
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