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Lecture 2-4

Linear Time-Invariant System
(LTI System)
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dy(t
3 i;()+aoy(t)=0
t
y(t) = ce"
ar+a,=0
r=_%
_8, 4
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d’y(t) , dy(t)

+y(t)=0
dt? dt y(t)

y(t) =ce™ +c,e”

r’+r+1=0
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Solving Differential Equation

(Homogeneous Equation) :

(

Zak ky(“’(t) 0
(Homogeneous Solution):

N
YO =3¢ e
=1
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I -

(Characteristic Equation)

ZN:ak r“=0
k=0
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Solving Difference Equation

(Homogeneous Equation) :

( )

N
> a y"[n-kl=0
k=0

(Homogeneous Solution):

N
YOI =3¢ r'
=1
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I -

(Characteristic Equation)
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EX2.17

x(1)

RC circuit

IQ

X(t)

1(1)

-1
| -

y(t)

y(1)
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Solution:

.. a _
s y(t) + R(C ” y(t)j = X(t),

Homogeneous Equation:

‘qe71 dsa % oipny

y(t)+R(C%y(t)j:O, —a,=1 &a=RC

Characteristic Equation:

1
Y ar‘=a,+ar=1+RCr =0,
k=0

Homogeneous Solution:
t

YO () =ce' =ce

Z

D8

k=0

dt~

y?(t)=0
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EX2.18

N
> 8 y"In-K =0
k=0

yinl - pyin—-1] = x{n]
Vin]- pIn-1=0, a=1a=-p

af +a,=r—p=0
r=p.

yP[nl=cr"=cp"

10
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o) y(p)

o y(p)

? Particular Solution

11
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EX2.19

Solution:

|

Cp—pcp(aj =1 =c,(1-2p)=1 ..Cci=—"-

2

y(p)[n] :Cp(

oo

1

y(p)[n] _ 1

1

2

-

yinl-pyin-1=Xn], if Xn]=(1/2)"

E)”
2 ]

:(%j , multiplying (%j to all terms,

1
1-2p

=zt
1-2p\2) " 12
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if p=1/2case, y(p’[n]:cp(%j =7 12 @j ,
-2p

we cannot find a c to satisfy the above condition.

13
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Solution:

1 n
I =e, 3]
1 n 1 n-1 1 n
o) eesnda) <5)
.cn=2p(n-1c =1 =c,(n-2np+2p)=1

“C, = L
" n(l-2p)+2p

. /(P) _ 1 ln
Y [n]_(l—Zp)+2p(2j

= C,[n(1-2p) +2p]=1,

14
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EX2.20
X(t) = cos(w,t)

RC

x(t)

1(1)

C

.

y(t)

15
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YO +RCY(0) = X()
Particular Solution:

yP (1) = ¢, cos(aw,t) + ¢, Sin(wgt),

¢, cos(@t) + ¢, SiN(wqt) + RC[- ¢, Sin(a,t) + ¢,a, cos(aw,t) |
= COS(w,t)

where ;((t) = cos(a)nt)l

= cos(a,t)[c, + RCc,a, |+ sin(wgt)|c, — RCc,m, | = cos(wqt),
c, + RCc,w, =1
c,— RCcw, =0

16



qe1dsa® O!Fm‘v’

1+ (RCw,)

Audio & DSP Lab.
cl + RCc,0, =
RCCla)O
_ c — RCw,
1+ (RCa)O) ° 14 (RCa)O)2
Particular Solution:
Y (t) = _cos(ag) -

1+ (RCaw, |

sin(a,t)

17



‘qe71 dsa % oipny
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Procedure:
1.
2.

? Complete Solution

18
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EX2.21

y[n]—%y[n—l]:x[n], If x[n]=(/2)"u[n], and y[-1] =8

y[n]—%y[n—1]=o, a,

a0r+a1_r—1 0, -r=

y"[n]=cr —c( j

-I>|H

:]_’aiz_

E

19

1
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1 n

In=c 3]
C (Ejn —lc (ljnl —(ljn multiplying (ljnto all terms
"\2) 4 P2 2) 2 |

20
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(Complete Solution):

= y"lnl+yPinl=d 3] +4 2]

V0] = ><[O]+%y[—1] :(1/2)0+%(8) _1+2-3

0 0
= C(EJ +2(£j =C+2
4 2

S.c=1

-y[n] = (%jn + 2(%jn, vn=0

21
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EX2.22
X(t) = cos(t)u(t)

RC

y(0-)=2

R

x(t)

VWV

R=1Q C=1F

1(1)

-+

L
|

22
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| Homogeneous Solution |

1
yW(t)=ce'=ce R

| Particular Solution: |

1 RC .
(P (1) = cos(t sin(t
Y=o 1+(RC) . )+1+(RC)2 ©
‘ Complete Solution': \ R=1C=1, o,=1

o1 1 .
y(t)=ce +§cos(t)+§sm(t)

23
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-+ initial voltage: y(0") = y(0") = 2,

o 1 1 . 1
2=c"")+=cos(0")+=sin(0") =c+=,
> 50) > (0°) >

3
C=—
2

| Complete Solution: |

3 1 1 .
t)=—e +—cog(t) +—9n(t
y(t) > > S(t) > (t)

24
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Differential and Difference
Equations ?

(Natural Response):

° . y(n)

(Forced Response):.

25
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(Block Diagram)

26
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o
=
Ro
8 t
: x(1) y(1) = x(1) + w(1) I y(t) = I_Oo X(T) dr
5 : = S 1 X(1) m— —_—
= x(1) ¢ y(1) = cx(1) x[n] v[n] = x[n] + w[n]
x[n] ” yln]=cx[n] e
x[n] = 8§ — y[n]=x[n-1]
wln]
(a) (b) (c)

Symbols for elementary operations in block diagram descriptions of systems.
(a) Scalar multiplication.

(b) Addition.

(c) Integration for continuous-time systems and time shifting for discrete-time
systems.

27
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x[n|

-
I
— N A—— I 4N
&3
Y
— > M ——

Block diagram of A second-order difference equation. (Direct form | :
needs 4 memory locations:
x[n-1], x[n-2], y[n-1], y[n-2] )

28
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Block diagram representation for Problem 2.33 (2.34b in next slide)

x[n]

> v[n]

|

A=

29
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A=

VN -y

(b)

> y[n]

30



? O Audio & DSP Lab.
§/ fln] b
o x[n] =—a ¥ —> ¥ —> V[n]
: ! 1 !
| S
—d, bl
Yy —- - * > > 3
* .f[” i ” *
Y
S
b l b,
. -
fin-2]

Block diagram of A second-order difference equation.
(Direct form Il : needs 2 memory locations:
fln-1], f[n-2] )
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D
5

irect form| :

yinl +ayin—1 +a,y[n—2] = b n]+ b n—1] + b, n-2]

S ayin-Ki=Y bxn- pl

defineZakf[n—k] =x[n], ..xn-p] =Zakf[n—k— p]

.°.Zaky[n k] = Zb Zakf[n k—p]= Zakbe[n k — p]

p=0 k=0

Y (9] :prf[(n—k)— p]

.'.y[n]:prf[n—p]

32
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Direct formll :
aO 1

Zakf[n SER
= {n] - a,f[n-1)a, f{n-2

y[N] :ibpf[n— pl=b,f[n]+b f[n-+b,f[n-2]

33
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Solution to Problem 2.24. (a) Direct form 1,
(b) Direct form 2.

xn] * E - L

¥[n]

W

|
]
I
nE
e £ — LA wl—

x|n] - T

e T, ¥ln|

(bl 34
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Continuous-time LTI system described by a second-
order integral equation. (a) Direct form I. (b) Direct form
1.

b, f b
x(1) —{Z - I—'-Jr‘(r} x(t)y —= X T — (1)
I ~ F 9 A I A
| —d l —il b,
x(1) — ¥ T -— yW(r) T - — @
A A l A J( “} A
f[?llnj

(a) (b)

35
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Block diagram representation for

X(1) m—%

Problem 2.25.
2
® — Y — V(1)
f(t)
!
® 1
f(t) >
Y t
I fOt) = [ £"9(r)de
2 —
3 1)

36
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y(t)=2f )+ fO(t)
f(t) = x(t)-3f @ (t)

y(t) = 2(x(t) —3F A1)+ FO(t) = 2x(t) -6 @ (1) + O (1)

O _, X o0, 1) - zdﬁt) 6D (t)+ x(t) - 3f A (1)

dt dt

d2y2(t) d2x(t) er0+ T _sp0

dt dt2 dt
L dX() | dx(®) o), d2X(E) | dx(®)
=2 32f (t)+ FO(t))=2 = 3y()

d*x(t) , dx(t)

d?y(t)
+3y(t) =2
dt? y(t dt? dt

37
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State-Variable Description of LTI System
LTI

(state variables)

q4[n] = q,[n]
q[n+1 =-a,q[n] -a,0,[n] +Xn]
Q.[n+1] = qy[n]
yin] =xn] - alql[n] - azQz[n] T blql[n] T szz[n]

38
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Direct form Il representation of a second-order discrete-
time LTI system depicting state variables q,[n] and g,[n].

x[n] == % > ¥ — y[n]
A lch[n"‘]-] A
S
—HJ h]
Y - + ® > > 3
l QI[”] *
Y
S u[n+1] =-aq[n]—-a,g,[n] +Xn]
O,[n+1 =qy[n]
. ’:_z yin] = X{ri - a,cy[n] - 8,6, + by n] + byc,[n]

I

r—

39
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q[n+1] =-aaq[n] -a,g,[n] +Xn]
Q2[n+1] — ql[n]

yln] = x{n] —a,q[n] - a,0,[n] + bg,[n] + b,q,[ n]

_ql[n+1]_: —a - _ql[n]—_l_ 1 x[n]
Q,[n+1] |1 0 | g[n]| [O

a[n]

+ 1]
a,[n] |

yinj=b-a, @—%{

40
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qn+1 | [-a -a |aqln

Gn+1]] |1 0 Jl @ln]

q[n]

~lb-a b, —
Mnl=[b-a b, ag]{qz[n]_

= qn+1=Aqn]+bXn]
y[n] =Cq[n]+ DX{n]

41
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Block diagram of LTI system for
Example 2.28.

‘qe71 dsa % oipny

GIn+1 = aqln]+so,Xn]

"—'1"|[”,+ 1] T

x[n]

vin]

yin] = 7, 6N + 7,00

0, [n+1] = 7 o[l + B[] + 5, 42
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Block diagram of LTI system for Problem 2.26 (2.41b on
next slide).
1 1
qn+1] = —qu[n] +X[n] Q[n+1] =qyn] +§q2[n] +3x[n]

2

{ :
q,[n+1] IR g,[n+7 aaln] l
L(j*(]*‘*

3 yin] = q,[n] +2X{n]

MI-—

(a)

43
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q,[n+1]

a,[n+1 =a; qn]+a,q,[n]+ b, x[n]
q,[n+1] = a, q,[n] +a,, q,[n] + b, X[ ]

yinl = ¢, qy[n]+c, q,[n]+d X[n]

q,ln]
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Circuit diagram of LTI system for
Example 2.29.

X(t) = Y(OR +qy(t)
G (1) =1, ()R, + 0, ()

y(t) i ()
—AA——AW
x(t)( T Cilm<q,(1) C, =R qL(1)
() - -

45
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Solution:

X)) = YOR+ G0 — y(t)=—xt) - =g t)

R R,
. . 1 1
(1) =1,(1 Al o (1) =—0,(t) —— 0, (1
q(t) =LMOR+a,({t) — 1,(1) qu() F22Q()
a2 i de —i@=c b
-ql—Cljwnmd ~i()=C—

da, (t)
dt

1 ¢t . .
s = i) dr i) =C,
2

46
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R R _ ~ do,(t)
(0= 5 40— %0 =C. 7Y
dqg, (t) 1 1
= {) — t
o chqu() RZCZqg()
i) = y(t) —i,(t) = (é X(t) —%qﬁt)]—% 0 —éqz(oj
. 90
dt
. dql(t)_ 1 B 1 B 1 ~ 1
e _[ClRlx(t) cla%(t)] (Cﬁz “O-CR) O'Z(t))
1 1 1 1
“crY _(Cﬂ ' ClRJ%(t) "or &V ;
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dg,(t) 1 (0

&t  RC, RZC

do,(t) 1 1 1

W Ter O (CRL CszqlaHCleqz(t)
‘%‘__(1+1j 1 -y
a |_| (RG RC) RC m+ =G o
dg, | | 1 T I P
Ldt ] [RC, RC, | °

48
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y(t) = (X(t) -, (t))/ R =

o, (t)

O, (t)

R

1 1
——q,(t) +—=x(t
ql()+R1X()

X(t)

49
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Circuit diagram of LTI system for
Problem 2.27.
doy(®) _,
dt
qu(t) — r)
dt
i(t) y (1)
g L(t) —>
AN—
Rl R2 +

X (1 qz(r)l L C == q.()

50
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= X(1) = R(y(t) + o, (1)) + YO R, + 6, (t)

= y(t)(R + R, )+ q(t) + Ra,(t)
X(t) 1

- y(t) = § gt~ — (0

R+R, R+R R+R

() = % [ y@) dr

Cdo(t) 1
I _Cy(t)

_ x(t) 1
C(R+R) C(R+R)

Gy (1) -

R

C(R+R)

d,(t)

51
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x(0) = R(y(0) + 6,1))+ L U

L do,() xR

dt L

L

y(t) -

dt
IRy
L
1

0, (t)

_X(t) R{ X(t)

L L

[1 R

L L(R+R)

= i X(t)
L(R+R,)

() -

R+R R+R

R

jxa)+
R

L(R+R)

L
L(R+R,)

Ch(t) _

R
R+R

qz(t>j— R g,

L
R R

|
RR,

L(R+R) L

0, (t)

L(R +R,)

]% (t)

52
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X(t) 1 R

t) = — 1) -
VO 2 R MO RS

dg, () _ x(t) 1
d C(R+R) C(R+R)

G0 __ R N
d L(R+R) L(R +R,)

Qu(t) -

,(t
qu()

R
C(R+R)

RR,

YO TRR)

0, (t)

0, (t)

53
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" dg (t) | -1 —R 1
¢t |_|C(R+R) C(R+R) {ql(t)}+ C(R+R.)
da, (t) R ~ RR, 0, (t) R,
| d | |L(R+R) L(R+R) L(R+R,)
- A{ql(t)} b x(1)
0,(t)
1 R Ja®] [ 1 °
t)=| - — + X(t)
W="RiR "R+R a0 |RR
c| ®M 1 b x
0, (t) |
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Block diagram of LTI system for
Example 2.30.

55
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Convolution Sum using MATLAB.

>>h=[-1 0.5,
>>X=[2, 4, -2,
>> Yy = conv(x, h)
y:

2 5 0 -1

56
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O J Audio &DSP Lab.

Convolution sum computed
using MATLAB.

>>h=0.25* ones(1, 4);

>> X = ones({, 10);
>>N=0:12;
>> Y = conv(x, h); 03
>> stem(n, Y); o
>> Xlabel ('n'); 0
>> ylabel (' y[n]')

57
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Amplitude

y Audio & DSP Lab.

12

10

L)

Solution to Problem 2.29.

System Output

iF

15 20 25
Time

58
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Step response computed using MATLAB.

Step Response

09 %
0.8 o

0.7 o

0.6 7 o

(]
0.5 ololeololole ofofofofofeoon

Amplitude

0.3 Q

0.2

0.1 T
0

o=
LA
=
o
(%)
o=
[
LA
fad
=
L
A
e
s
A
=

Time
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Impulse responses associated with the original and
transformed state-variable descriptions computer using
MATLAB.

Original System Impulse Response

1 o
;_,.;' 2.5
% 2
= 15
I
05 ]’
] i ¥ & o o & o
] I 2 3 4 5 L] 7 8 ]
Tume
X Transformed Syvstem Impulse Response
K 0
£ 15
—E 2
= 1.5
I
0.5 T
i T o o o £ o 0
0 I 2 3 4 5 il T H ’]

Time - 60
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P2.32: y[n] = x[n] * h[n] =7

hln]

34

2_._
I T

—— 0

2 -1_,1% 1

x[n]

2o

O— M

61
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P2.33: x[n] * y[n] = ? z[n] *w[n] = ? f[n] *g[n] = ?

-----

62
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P2.38: LTI
(@) x(t) = 28(t+2)+ §(t-2)
(b) X(t) = 8(t-1)+ 5(t-2)+5(t-3)

63
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P2.40: x(t) = y(t) = ? z(t) *w(t) = ? f(t) *g(t) = ?

b(t) *c(t) = 2 d(t) *a(t) = ?

-+

-

———

64
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P2.43:
=7

h(t)

1/A

—1/A

65
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P2.46: =7

—  J1,(1)

N

— hs(f) — ¥(1)
x(t) ——t—a> f15(1) —++ __T
= hy(r)

+
—— h:.],(f] J
(a)
— h,[n] > hyln] ——_;
x[n] = h;ln] —t¢ — hgln] —— v[n|
+
— h;[n] » hs[n] —f
(b)
+
X(t) ——— (1) > = () — hyll) > = (1)

+T +T
L > ha(t)

(c)
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P2.52:

=7
R
x(r) v(r) l L ~ C
(a)
R, R
* AN
-+
x (1) y() == C, =g
o
(b)

67
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P2.65: =7

2
£in] —@ mz---:fm
)

(a)
x[n]— § ~Z— § > y[n]
L
1
4
(b)
Ll
.g - 5 1
I[H]—L»E—h- 5 — 8§ ok —
1
8

(c) 63



y Audio & DSP Lab.

P2.68: =7?

‘qe71 dsa % oipny

x(I)—r—?—}- I T» y(t)

2
(a)
x(t) — j —:-% I > V(1)
oL
» {
(b)

69
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P2.74:

x(t)

(1)
jae— f ’
b

a,
(1)

22— y(1)

70
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P2.75:

Falll

154

-A2 0 A2

lin)

Xt}

i

E(=4)

X[}
T34

-A 0 A Z2A 44
)]
71
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