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Fourier Transform of Signals

Lecture 3-4
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X(e9) is continuous spectrum.

¢

Discrete-Time Non-periodic Signals:

The Discrete-Time Fourier Transform (DTFT)

A discrete-time non-periodic signal is represented by a
superposition of complex sinusoids.

The DTFT involves continuous frequencies on the

Interval -t <Q <m. (

eThe DTFT pair:

X[n] is discrete signal.

(

)

X[ n] _—j X (€'%) " dO

X(e®)= Y xn] "

N=—o0 2
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The Discrete-Time Fourier Transform (DTFT)

Wl = [ X (e?) e 4O
27

+00

X(ejQ) _ Zx[n] e—an

N=—o0

(5)

(6)
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Example 3.17:
Find the DTFT of an exponential signal x[n] = (o)"u[n].

Solution:

_ ~+00 . ~+00 .
X(@E?)=> a"une’®=> o" e’
N=—00 n=0

400 n
Z(aejg)— 1_. o lel<1
—~ 1-ae™
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If o IS real valued, we may expand of the denominator as:

IXE) = - —
l-ae™ 1-acosQ+ jasinQ

The magnitude spectrum is denoted by :
N COE 1
JA-acosQ) +(asinQ)
1

- V1—20c0sQ+ a2 cos QO+ a2sin? O
1

- JV1- 20 cosQ + ¢
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The phase spectrum is denoted by :

1

o X (eJQ) _ _

1

1-a e °

arg{X (e’“)}: —tan™

1-acosQ+ jasSing
asinQ)

1- a cosQ)
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The DTFT of an exponential signal x[n] = (o)"u[n].
(a) Magnitude spectrum for o = 0.5.

(b) Phase spectrum for o = 0.5.

(c) Magnitude spectrum for a = 0.9.

(d) Phase spectrum for o = 0.9.
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Audio & DSP Lab.
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Example 3.18. Find the DTFT of x[n] = ?
(a) Rectangular pulse in the time domain.
(b) DTFT in the frequency domain.

NSNS v Q
P
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VQ#0, *27x, *4r,--
X(@E?)= ) xnje’" = 1"
n=—M

let m=n+M,

+2M +2M

_ Zle—jQ(m—M) _ ejQM Zle—ij
m=0 m=0

10
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—jQ(2M +1)
0 iom 1—€
X(e™)=e .
") 1-e
_J.QZI\/;rl J.QZI\/;Ll —jQ2|\l+1
e e —e
_ AJOM
=€ e/ o 0
e 2le2-g 2
_jQZI\/;+l J.QZI\/;H —jQZI\/;rl
e e —e
QM
— @!
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vQ=0, +2r, 4r,--

_ +M _ +M _
X)) =) xnje’" =Y 1.
n=—M n=-—M

letm=n+M,
+2M _ _ +2M _
_ Zl'G_JQ(m_M) _ ejQI\/I Zl'G_JQm
m=0 m=0
+2M +2M

_ ejZﬂ'M Zl e—j27zm :1. Zl
m=0 m=0

=2M +1
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The first zero crossing Is at £27/(2M+1).

i G2l
2M +1
. ((2|v| +1)Qj . ((2|v| +1) 2x j
Sn Sn
X(ejQ): _ 2 2M +1
. (Qj . (1 27T j
SN — SN —
2 22M +1
_ sin(z)

15
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Example 3.19. Find the x[n] = ?

(a) Rectangular pulse in the frequency domain.
(b) Inverse DTFT in the time domain.

(1 9<w
Q)
e )‘io, W <[Q < 7
. 217 \T”Hh/ BET
T o SERESIRERKIY

16
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Solution: N#0 case
nj=— X e )e*"dQ
=" x(e)
_ L 1. dO
27 W
1 (1 W] 1 eW_
SHR gy =
27 | In -WJ| 7zn
:isin(Wn)

Tn
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Solution: N=0 case

Considering the L'Hospital Rule:

x[O]:Iimisin(Wn):V—v

n—>07z-n T

The first zero crossing is at n = +ra/W.

~_sin(W )=~ sin(x)

v/
TT 7T

X[z W] =

0.

18
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@  Example 3.20. Find DTFT of the x[n] = §[n] ?
&
(a) Unit impulse in the time domain.
(b) DTFT of unit impulse in the frequency domain.
x[n] X (et
IT :
K —hS iz —{;1 0 ? ; ; 2 ! —l‘ip —- 0 2p

19
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Solution:
.+ X[n] =o[N]
= X(e)= i olnle " =1

The DTFT vs. Unit Impulse :

DTET
oln] < > 1

20
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Example 3.21. Find the x[n] = ? X(ejg): 5(Q)

(a) Unit impulse in the frequency domain.

(b) Inverse DTFT in the time domain.

TTTTTTTTTT

oh ept 0 pi 2p 3p 4p 2 -1 12
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Solution: defines only one period as,

vV X(€?)=8(Q), —7<Q<x

- x(N] _ L 5(Q) e" dQ =
27

The DTFT vs. Unit Impulse :

1 DTFT
< - 5(Q)
2 T

¥+

22
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Similarly, defines all delta functions as:

x(e2)= Y s(Q - 2kr)

k=—00

The inverse of the DTFT is also impulse train:

o0

xnl=—— 3 sln—K

272. k=—00

23
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Problem 3.12.

Find the DTFT of the x[n] =2 X (e®®)="?

x[n]

Signal x[n] for Problem 3.12.

24
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Solution:

(eJQ) Z x[n] e 1°" = le (1) e‘jQ”+Z7: (1) e Jom

letl=n+7, p=m-1

6 6
_ (_1) e 1ed=7) 4 (1) @ 1e(pD)

6 6
:_61792 e—JQI _I_e—JQZ e—JQp
=0 =0

25
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Solution: |

| ]__e_JQ7 B |

X ()= (g1 —¢/™)
1—e

e 179

2 (e 2 e 2) _
. — Q2 ] 7Q
-~ o o _o (e -e™)

J2 (eJZ e J2)

J7_Q _'7_Q

13(e 2 _@ 2) |
. — Q2 ] 712
— Q Q (e —€ )
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Solution: j— —j—==

oM R

27
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Problem 3.13. Find the inverse DTFT of the
following frequency-domain signals: x{n] =7

IIIIIIIII El};:{gjfll)jnnnnnnn=
: 2 | Le i
-2p P 0 B 2p
arg{X(e/*)}
- : p HE —
—2p =p 0 R 2p
TR Pl =
- 2 .

Frequency-domain signal for Problem 3.13.

28
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Solution:

X[ ] :ijm X (e'*) e dQ
27T o7

:Zij‘o (eQeJE)ean dQ_I_ziJ‘OM (e—Qe_JE) el2ndO
/A /4

J‘O @+ inQ dQ_Eﬂ' a(-1+imo dQ}
—7T

r )

_ 1 e(1+jn)QO N 1 e(—1+jn)Q7T

27 |1+ Jn -7 1-]n 0

J

2n

i

J

29
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=)

- J 1_ e—(1+jn)7z . e(—1+jn)7z _1
27 | 1+ n 1-|n

3 +

1-e”(-1"

27 | 1+ n 1-|n 27
i [[1-e"(-D"1A- jn)—[1-e" (-D"](1+ jn)

1+ |n

2r | (1+ jn)(1— jn)

/

j (1— e—ﬂ'e—jnﬂ' e—ﬂejnﬂ _1} ~ J {1_ e—7z (_1)n B

|

1-|n

|

| @\ jn— e\l) + jne”" (-1)" N@e\'\(—l) — jn+ jne’”* (=1)"

27| N A\ (1+n%)

.

30
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—2jn+2jne”(-1)"

N

N
S

\

(1+n?)
—2j%n+2j%ne” (-1)"

(1+n°)

2n-2ne”(-1)"

(1+n?)

J

J
N
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Example 3.22: Consider two moving-average
systems described by the equation:

wlrnl = (4] + X(n-1) and y,[n] = ({n]-X{n-1)

It implies that the impulse responses of these systems are:

Il = (8Tl + ln-1) and hy{n] = (s[n - [n-1)

Please find the frequency response of each system and
plot the magnitude response.

32
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Solution:
H,(e7)= Yhinje ™=
N=—o0 n=0
11
2 2

1 1 —jQn
{Eé[n]JrEé[n—l]}e

33
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H, ()= ihz[n] elin=2%

N=—0o0

o0

n=0

1 1 —jQn
{Eé[n]—aﬂn—l]}e

34
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