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Fourier Transform of Signals

Lecture 3-6
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Fourier Representations

DTFS: X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
FS:  X(t): continuous-time and periodic signal
X[K]: discrete-time and non-periodic spectrum
DTFT: X[n]: discrete-time and non-periodic signal
X(e?): continuous and periodic spectrum
FT: X(t): continuous-time and non-periodic signal

X(jo): continuous-time and non-periodic spectrum
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Linearity and Symmetry

Linear Properties: ( )

2(1) = ax(t) + by(t) ——— Z(j®) = aX(jw) +bY(jw)

20) = ax(t) + by (t) ——— Z[K] = aX[K] + bY[K]

] = ax(n] + by[ ]~ 1, Z(e!) = aX (/) + bY (/)

] = axqn] + by ]« =, Z[K] = aX[k] + bY[K]
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Representation of the periodic signal z(t) as a weighted sum of periodic square
waves:

2(t) = (3/2)x(t) + (L/2)y(1). JJ_L'_I—I_I_I_I_'_I_L
(a) Z(t) ; |

(b) x(t). ' 1 'T 5 |
() (0. :,

Z[k] = (3/2)X[K] +(1/2)Y[K]

XKl =7 : } ] '
Y[K] = ?
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z(t) = (3/2)x(t) + (1/2)y ().
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Problem 3.16:

X(t) = 2e'u(t) —3e*'u(t)

Solution:

X(jo)=2-FT{e u(t)|-3-FT{e2u(t)}

i 2(1+1jwj_{2+1jwj

2 3
1+ jo 2+ |w

=7?
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Symmetry Properties: Real Signals

X)) =X () x@®

X (jo) = [ [ e"“’tdt}* - ["X @ et

=[xy etdt= [ x(t) et
= X(-]o)
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LX) =X (1) [x)

X'(jo) = X(-jo)

X (jo) (complex-conjugate symmetric)
0 X (jo) = Re{X(jw)} + ] Im{X(jw)},
X*(Jo) = Re{X(jw)} - J Im{X(jw)},
X (o) = Re{X(-jo)} + ] IM{X(-jw)},
2 Re {X(jo)} = Re {X(-jo)}
2 Im {X(jo)} =-Im {X(-jo)}
X(t) FT (Even function)
X(t) FT (Odd function)
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Symmetry Properties: Imaginary Signals
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o =X(t) = X (t) X(t)

X' (jo) = [ [ ej”tdt}* - [“X @ et

_ _ ._+OOX(t) ejwtdt — _[roox(t) ej”tdt

=—[ "x(t) e'dt =~ X (~ )
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C=X() =X (1) [ X (jo)=-X(-jo)

(complex-conjugate symmetric)
“ X(jo) = Re{X(jo)} + j Im{X(jo)},
X*(jo) = Re{X(jo)} - | Im{X(jw)},
-X(-jo) = -Re{X(-jo)} - | IM{X(-jw)}, :j
2 Re{X(jw)} = -Re{X(-jo)}
2Im{X(o)} = Im{X(-jw)}
X(t) FT (Odd function)
X(t) FT (Even function)
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X(t)
FT (Even function)
FT (Odd function)
X(t)
FT (Odd function)

FT (Even function)
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Symmetry Property
— ¢ alapt | A j0pt
X(t) = ACOS(C()Ot—¢): Ae /e _|2_Ael e
H(jo)
arg[H (jo)]

y(t) = ge‘meiwot -H (ja)o) +§ej¢e—jmot ‘H (_ja)o)

y(t) — ge—mej%t . ﬂH (j(()o)‘ejarg[H(j%)]}
_|_£\ej¢e_ja)ot . ﬂH (_ja)o)‘ejarg[H (—jwo)]}
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- Y()o)
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H(jo)|=|H(-j)
arg[H (jo)]=—arg[H (- j )]

y(t) — ge—meja)ot {‘H (ja)o)‘ejarg[H(Ja)o)]}+§ej¢e—jwot ﬂH (_jwo)‘ejarg[H(—ja)o)]}

_ ge—meiwot {IH (jwo)‘ejarg[H(iwo)]}Jrgewe—jwot {jH (—ja)o)\e“'arg['*“”o)]}

_ é\H (ja)o)\{e‘“”ej”otejarg[““‘”0)] i ej¢e—jwote—jarg[H(jwo)]}
2

_ NH (jwo)‘{(euwot—qswg[H(jwo)]) i e—j(wot—¢+arg[H<jwo)])/ 2}

= AH (j )| cosla, t— ¢ +argH (j,)))
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A sinusoidal input to an LTI system:
It results in a sinusoidal output of the same

The amplitude and phase are modified by
the system’s frequency response.

y(t) = AH (jw,)|coslwgt — ¢ +arg[H (j@,)))

— h(t) —»

——,

AH (j )
N\

— AH (j )

_{1 \_/ T \

¢—arg[H (jo,)]

Wy
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Z Symmetry Properties: Even Signals
Even function : X(-1) = x(t)
Real Function: X"(t) = x(t)

Even and Real Function: x(t)" = x(-t)

X' (jw) = [ [ e‘j”tdt}* - ["X @ et

= [ x(-tyedt={x(-t)e " dt, let r=-t

— .+OOX(T) e dr

_ X(jo) X (jo)isreal.
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Symmetry Properties: Odd Signals

Odd function : X(-t) = -x(t)
Real Function: X"(t) = x(t)

Odd and Real Function:  x(t)" = - x(-t)

X' (jw) = [ [ e‘j”tdt}* - ["X @ et

=—[x(-t)edt=—[ "x(-t) e Vdt, let 7=t

= [ "x(z) €7 dr

:—.X(ja)) X(Jw) Isimaginary.
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Odd Signals

Odd function : X(-t) = -x(t)
Imaginary Function: X"(t) = -x(t)

Odd and Imaginary Function: X(t)" = x(-t)

X' (jo) = [ [“x e"'“’tdt}* - ["X @ et

= [ x(-tyedt= [ "x(-t)ye " Vdt, let r=-t

— .+OOX(2') e "dr

~ X(jw) X (jo)isreal.
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Even Signals

Even function : X(-t) = x(t)
Imaginary Function: X"(t) = -x(t)

Even and Imaginary Function:  x(t)" = -x(-t)

X' (jw) = [ [ e‘j”tdt}* - ["X @ et

=—[ x(-t)yedt = "x(-t) e " Vct, let

= [ "x(z) €7 dr

:—.X(ja)) X(Jw) Isimaginary.
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Problem 3.17.

X(j)

argiX(jo);
P
2
-1 p 0
2

@ (o)

X (e*h)]

=g =Ipe =P P O p p 3p
4 2 4 4 7] 4
arg{X (e**)}
p i
p 3p p -—p |0 P P 3p
4 2 4 4 2 4
(b)
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(a) The Magnitude Response is even, and the Phase
Response is odd functions.

- The x(t) Is a real and odd function.

( 1) > / >/ +7/2

(b) The Magnitude Response is even, and the Phase
Response Is even functions.

- The x|n] is a real and even function.

(/) > / > 0 =
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Convolution Property

y(t) = h(t)* x(t) —— Y(jo)=H(jo)-X(jo)

y[n] = hin]* X[n] < Y(e!?) = H(e?)- X ()
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Convolution of Non-periodic Signal

y(t) =h®)* x(t)= [ h(z) x(t—7) dr
OFT
Y(Jw)=H(jw) X(]w)

where

yO =] [V(jo)]e" do
JC
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y(t) =h(t)* xt) = [ h(z) x(t-7) dr
1 e+ _ ot
gL X (jo) e dw

. _ 1 oo . jo(t—7) . 1 o . —jor ot
..X(t—T)—ZI_w X (jw) € da)—ZLO X (jo)e " e”dw

VS.

geT 4Sda ® olpny

e X(t) =

y()=[" h(z) [% [ X(jo)e e do]dr

-2 he e—imer X (jo)e” da

27 7 |

= IH(jw)]XUw)ej”tdwwiff H(jo)-X(jo)]e" do
7T
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Example 3.31:
X(t) = (1/xt) sin(xt), h(t) = (1/=t) sin(2xt),
y(t) = x(t)* h(t) = ? | Solution:  y(t) = (U zt)sin(zt) |

t 1 '(\Nt)FTX | 1 -W<w<W
x()_Esm VAR (Ja))_iO’ \a)\>W

X(jo)

-W 0 W

a)
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X(t) = (1/mt) sin(mrt),

1 . .
x(t)—Esm(ﬂt)H X(ja))—io, o> 7

X(jo) 1 O

1
— L— @ /—\—/\/\/\/\ f
—IT 0 T r 0 \

(a) (b
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h(t) = (1/xt) sin(2nt),

" 1 (2 t) " 1 —-2r<w<2r
(1) 't rt)eH(jo) iO, ‘a)‘>27z
H(jo) NS

2

| S /\/\/\/\/\
0 27Z. a) 3 "1 0 3! E

1

2 2 2

(b)
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= YO =x@)*h(t)
X (jo)
H(jo)
_ l,
-2 9 2
Y
Y(jow)
= B 2

< X(Jo)-H(jo)=Y(]o)

LX)
/\{\A/}/_\ ’
*}'

L)
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Example 3.32: X(jo) = (4/®?) sin?(w) ; x(t) =7

Hint: X(jo) = (2/®) sin(w) e (2/®) sin(®)

X(t) = ?
z(t) 2
| /\
| , .
—1 0 1 -2 0 2
(a) (b)
Example 3.32.

(a) Rectangular pulse z(t).
(b) Convolution of z(t) with itself gives x(t).
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