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Fourier Transform of Signals

Lecture 3-7
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Fourier Representation

DTFS: X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
FS: x(t): continuous-time and periodic signal
X[K]: discrete-time and non-periodic spectrum
DTFT: X[n]: discrete-time and non-periodic signal
X(el?): continuous and periodic spectrum
FT: Xx(t): continuous-time and non-periodic signal

X(jw): continuous-time and non-periodic spectrum
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Filtering

oL ow Pass Filter
Band Pass Filter

*High Pass Filter

. (Pass band)
. (Stop Band)

. (Transition Band)
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Frequency response of ideal continuous- (left panel) and

discrete-time (right panel) filters:
(a) Low-pass characteristic,

(b) High-pass characteristic,
(c) Band-pass characteristic.
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Ex 3.33
RC circuit with input x(t) and outputs y., and yg(t).

+ YR(D _
R +

C T yC(t)

x(1)
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. _i _t/(RC)
R =—s & u)

. 1
'.'HC(Jw):1+ja)RC
. 1 .
H.(Jo) = ,argiH.(jo)}=—-tan(wRC
He(io] = . aniHc(j0)}=—tan*(oRC)

() = 5(t) —R—lce‘”(RC)u(t)

H-(jo) =1 1 ~ JoRC
- TR 1+ jwRC 1+ jwRC
. wRC . T
He(Jo) = , agiH.(jo)==—-tan(wRC
Halio)= =52 agHy(jo)}= —tan*(oRC)
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RC circuit magnitude responses as
a function of normalized frequency
oRC.

(a) Frequency response of the
system corresponding to y.(t),
linear scale.

(c) Frequency response of the
system corresponding to y.(t), dB
scale.
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RC circuit magnitude responses as a function of normalized frequency
oRC.

(b) Frequency response of the system corresponding to yR(t), linear
scale.

(d) Frequency response of the system corresponding to yR(t), dB
scale, shown on the range from O dB to —25 dB.
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Convolution of Periodic Signal

y(O) = xO)®2(t) = [ x(z) 2(t-7)dz
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Example 3.36

z(t) = 2cos(2nt)+sin(4nt)

X(t)
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Z(t) = 2cos(2xt) +sin(4rxt)

Solution : ) 2( ol @Dt | o-i(2n)t j . (eZ(Zﬂ)t _ g A2nt ]
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2 ]2
_ ej(27z)t 4 e—j(27r)t 4 .iEZ(Zﬂ)t _.ie—Z(Zﬁ)t
]2 )2
1, k=+1
_iz, K=+2
-~ Z[k =1
L k=-2
(FS Spectrum) _E’ o
0, k = others

\
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Given fromexample 3.13

X[K] :ﬁsm(k?ﬂ)

~ Y[K] = Z[K]- X[K]

)
ism kﬂj_l k=+1
27K

.(kﬂj
=4 12 27K
'n(—ﬂjz . k=-2
12 27K 2
0, others
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isin(k—ﬂjzi’ k = +1
ik =124\ 2 )" %
Y others

| The fundamental frequency: 2r |

y(t) = Y[ &/ ®) +Y[-1]e

_ L@ | oriten)
_7[(12 t_l_ejz t)

j(27)t —j(27)t
:2[6 +e ]=2C03(27z't)

/A 2 T
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Differentiation & Integration Properties

Differentiation in Time:

X(]w)

- Jo- X(|w)

FT
X(t)<

d FT
— X(T) <

™ (t)
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1 e _ -
x(t)—ZLO X (jo) e dew
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d d| 1 p+ . -
_Xt S X eja)td
X dt[ [T X(jw) & do

_1 e
=1
1

=1

1

27T 7

X(Ja))( tejwtjda):
(jo- X(jo))e'" do
d FT

X0 - v jo-X(j)

X(jo)jo-e') do
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Differentiation in Time (cont.)

FT

d
— X(1) <
™ (t)

> Jo- X() o)

(DC)
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Ex. 3.37 d( a i jo
Bl t)) -« >
dt e"u) a+ o

Solution: d( atu(t)) (gt atju(t)_l_eat(%u(t)j

dt
=—a-e-u(t)+e ™ -5(t)=—a-e*u(t)+o(t)

FT{S e atu(t))} FTa-e*u®)+o)]

=FT{-a-eut)|+FT{5(t))

__-a . _-—atatjo_ jo
a_|_ja) a+ja) a"'ja) 1
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Problem 3.22: FT

(a) x(t):%e“; (b) x(t)=%(2te‘2‘u(t))

Solution:

(a) FT{% e“} = jo-FT {e‘z‘t‘}

N

FT {e‘z‘t‘}z j e gl

0 : +00 .
- j e” @ 19dt + jo e e 1t .
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Solution: (cont.)

o/ —00

o/ —00

0

) +00 )
e?t @ 19dt + jo e % e 1%t

0

. +00 .
e(z- jo)t dt + j‘o e—(2+ jo)t dt

1_ e(2—ja))t0 N —:!- e—(2+ja))t+oo
2— o -0 2+ |w 0

! 1-0)-—1(0-1)
2— o 2+ |w

1 1 2+ jo+2-jo 4

2—Ja) 2+ja) 2+ Jo)(2—- |w) 4+ @?
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Solution: (cont.)

FT {e‘z‘t‘ }= 4+4w2 ,

A4

4w

FT{ie“} = j-
dit 4

+ @

2

4+ °
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Solution:

(b) FT{% 2te2tu(t)} =Jo-FT {2te‘2tu(t)}

‘qe71 dsa % oipny

FT{2te u(t)|= jom 2te™ et

0 : .
_ J_ 2t e @Ot gt - et u=2t, dv=e gt
-1
SV =

= —— g ot du = 2dt
2+ |w

- [ veue 2 e[ =L gy
2+ |w 0 2+ |w
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Solution: (cont.)

FT {2te Zu(t) |

— ot -1 e—(2+ja))t_2J‘+°° -1 o (2rio)t g
2+ |o 0 2+ |w

_ _2-t e—(2+ja))t

2+ |w

+OO_ 2 —(2+ o)t
0 (2+ )’ 0
2 2

=00 i O Y ey

FT{Ezte—Ztu(t)}z 2] :
dt (2+ jw)
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Ex. 3.39 y(t) FT

FT of y(t)

2T

(a) (b)

(a) Triangular wave y(t).

(b) The derivative of y(t) is the square wave z(t).
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A

Audio & DSP Lab.
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Differentiation in Frequency

X(jo)=[_ xt)e’ dt

iX(Ja)) dd U: X(t) &1 dt}

dw @

- xm(iej”t)dw: O jte) a
— j — jt-x(t)) e dt

d _ FT

%X(Jw) < > —JtXx(1)
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Differentiation in Frequency:

FT

dw

- — jt-X(t)
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Ex. 3.40: Find the FT of the Gaussian pulse g(t)?

g(t) ,
g(t) _ ie—t /2

1 27T

(Gaussian pulse), g(t) FT.

27



o Solution:
- given (¢(t) =
d
So—q(t) =
dtg()
. FT
—jt-g(t) <
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Solution: (cont.)

tgt) & jo-G(jo);

. . 1d _ .
jo-G(jo)= ——G(jw)
] do

1d

= (NJo-G(jo)= (])———06(]w)
] do

—

_0-Gljw)= dd—wG(jw)
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Solution: (cont.)

d
ag(t) =—t-g(t)

gt)  G(jo)
G(jw)=ce 2

®=0  G(0)=c

_0-Gjw) = O%G(jw)

G()0) = f:g(t) dt = %r: e ?dt=1=c

G(jo) G(jw)=e“"?

=17

j+w et'2 gt = \ 27
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+00 2 *+00 2 +00 2
j e‘X’de=\/ e‘x’zdxj e X2 dx, lety=x,

o —00

polar form-- dA=dx-dy=rd@-dr & r°=x°+y’

:\/LZ” EOO e )2 dr dH:\/IOZ” Eoo r.g ()2 dr)d@
_\/ 27 [_e(r )/2+ ]d@ \/j O 1d(9 JJ

=\27-0=+21

‘ f: eX2dx=A27 ??7?
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Integration

(continuous dependent variables )

y{t)=[ x(z)dr

y t X t

d
YO =X
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d
F(ORE0

FT{y(t)}=Y(jw)

FT<%y(t) = Jo-Y(]w)

- FT4 E y(t) = FT{x(t)}= X(jo)

Lo Y(jw) = X(jo)

1

1
o

Y(jw)=—X(jw) @
jo
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FT

=0

1

» — X(Jo)+72X(]0)5(w)

jo

=0
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ut)= [ 8(r)de

FT
st) —— 1

FT

1 - - 27 0(w)

or

FT{S(t)}=1

FT{L} = 276 (w)

~U(jw)=FT{u()) = FT{F 5(7) df}

J—Q)A\@ b A?j\) 0)5(w)

—+7z o(w)
ja)

5t) < Ajo)
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A step function can be denoted as the sum of a
constant and a signum function.

u(t) = ;+ ;sgn(t)

g | =

= sgn(t)

—1 t<O
sgn(t)=< 0, t=0
\+l t>0

b | =

36
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Another way to derive out U(jo) = ? .
1 1
s u(t) =—+—=—sgn(t
(t) 2+299()

~U(jo)=FT{u(t)}= FT{%}+ FT{%Sgn(t)}

Considering:

- FT{l} = 27 5 ()
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Considering: FT {Sgn(t)} =S(jw)="7?

d d _
ag,gn(t) = _t( 1+ 2u(t)) = 26 (t)
FT{%sgn(t)} = jo-FT{sgn(t)} = joo- S(j )

=FT{25(t)} = 2FT{5(t)} =

- sgn(t) isan odd function,
- 2 the averageisO.
S(jw) =—— aEe T
| -. S()0) =0, 1sdefined.
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~U(jo)=FT{u(t)}= FT{

=7z-5(a))+_i

or

U(jo)=1 jo

1

)

+1FT
2

{san(t) }
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