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Fourier Applications

Lecture 4-1
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Fourier Representations

DTFS: X[n]: discrete-time and periodic signal
X[K]: discrete and periodic spectrum
FS:  x(t): continuous-time and periodic signal
X[K]: discrete-time and non-periodic spectrum
DTFT: X[n]: discrete-time and non-periodic signal
X(el?): continuous and periodic spectrum
FT: Xx(t): continuous-time and non-periodic signal

X(jw): continuous-time and non-periodic spectrum
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Introduction

FT
FT ?

FT ?  FT

DTFT
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FT
FT
DTFT

FS

Objectives

DTFS
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(cont.)
FT
FT  DTFT
FT DTFS

(Sampling)
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(cont.)

(Sampling Theorem)
(Ideal Reconstruction)
- (Zero-Order Hold)
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(cont.)

(Over Sampling)
(Decimation)

(Interpolation)
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DTES
FS  FT

DTFES
DTES

(cont.)

FS
DTFT

(Fast Fourier Transform, FFT)
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FT for Periodic Signals

FT : FT  FS

FT

FT 1 - - 21 0(w)

FT

e/t . - 2n6(w - kw,)

x() FS > FT

x(f) = f X[K]e™ o X(jo)= 27zf: X[k] 8o kao,)

f=—c0 e ey k=m0

FS representation FT representation 9
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FT Review

if X(jo)= 27z5(a)),

1 fo .
N=—1| X(iw)e'” dow
x)=——[ X(jo)
1 po .
=— | 276(w) e’ do=1
27ZLO (@)

if x(t) =0(2),
X(jo)=[ x@) e’ dw

o/ —00

=" 5(r) e’ dw=1

10
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FT Frequency-Shifting Review

if X(jo)=275(w—kay,)

x(l‘) — iJ‘_OO X(]a)) eja)t da)
27 =

— ir 2715(w —ka,) e’ dow = e ™'
271 =

11
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FT Time-Shifting Review

if x(t) = 5(t_to),

X(jw)={ x(t)e’ dt

o —00

=" S(t—1,) ™ dt =&’

12



‘qe71 dsa % oipny

<&
FS & FT Representation of Periodic
Continuous-Time Signal
+00 . FT +00
x(t)=> X[k]e"™ < X(jo)=27Y X[k] 5(w-ka,)
k=—o0 k=—0
X[k]
i |
» 'V Y | _Tz _]__] ] Z | I = .
Lt VO VUt Var I 6p -
Ao i 5
\ ¢ 1 ‘Ep ‘ 1 t 4
b =20 “ p__” Do 2, y

FT 13
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Example 4.1:
X(t)=cos(myt) FT

Solution: . gkt mr

27 6(w—kay,)
CoS(w,t) = %e’wot + %e"”‘)f — % 2%5((0 — W, )+ % 2%5(&) + w, )

= 7z5(a)— @, )+ 7r5(a)+ a)o)

cos(w,t) X(jo)

14
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Example 4.2 p(t) = i o(t—nT) ET

Solution:
p(t) FS P[k] — ij‘% 5(1‘) e—jka)ot dt 1

T 3 T

+00 ' t 1 10 o
p(t) p(t) = Z Plk] ekt — Z o/

=—o0 Tk:—oo

, FT
FT o/ —s 272'5(60—&)0)
1 i ot FT 2 +00

p(ty FT pt)=— Z e’ ol Z 5(w—ka, )
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o Problem 4.1:
| Solution:

X(t)

X(t)

FS

x(t) =Sin(w,t)

x(t) =sin(wyt) = .iej Pt

j2

X[k] =+

_ﬁ’

\

X(t) — J:Z.o X[k] ejkwot _

1
j2

—€

FT

1

—€

j2

— jwpt

1

J ot

j2

—J gt

17
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X(t)

FT

X(t)

P 4.1 (cont.)
+00 . 1 . 1 .
x(t)= > X[k] e =/ - — /™
k:z—oo j2 j2
| FT
J ot

e — 272'5((0—600)

FT T

FT  Sin(wyt) <—>£5(a)—a)o)——_5(a)+a)o)
J J

18
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Problem 4.1(b)

Q)

Audio & DSP Lab.

Solution:

FS
FT

©)
(b)

19
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DTFT for the Periodic Signals

DTFT - DTFT DTFS
N-1
N x[n]  DTFS n]=>" X[k] "
k=0
1 ., DT
DTFT — " — 5(Q-kQ,)
27
DTFT 2m ( )
1 .6 DTFT e
—e" o Z o(Q—kQ, —m2r)

20
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Review

if x[n]=0l[n],
X(ejQ): i S[n] e " =1

n=—aoo

it X(e")=5(Q-kQ,)

=—[" 5(Q-kQ,)e™ dQ = - o
27 ° 7 27

DTFT

— M o S(Q-kQ,)

21
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DTFT

o=

1 eﬁﬂhﬂ
27T
_zp
kQ —2p

2T

DTFT
<

0 kQ,

> 5(Q-kQ,—m2r)

m=—0o0

k€2, + 2p

4p

6p

22
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Z

x[n] DTFT X (e™)=

N-1
x[n]  DTFS xn]=>" X[k] "

2
H

" XTK] - 27225(!2 kQ, —m2r)

k

I
o

X[K] N N Q, = N(2n/N)=2x

{ Hint: X[K]

DTFT

0 ~ (N-1)€, }

n] © X()= 2772 X[k] 6(Q—kQ,)

23
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0 1 2 N-1 e
e A
m=1 Q,
N N+1 2N-1
L .
m=2 | NQ,=2zx

\

o | L1 ]

N-1
X ()= X[k]-2x 25 —kQ, —m2r)
k=0 m=—o0
=27 ZX[k] o(Q—kQ,)
27y X[K]6(Q - k) k=

K 223 Xk 8(Q-kQ, - 27)

K

27 iX[k] 5(Q-kQ, —4r)

...‘ k

2N 3N-1
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DTFS & DTFT Representations of
Periodic Discrete-Time Signals

‘qe71 dsa % oipny

= el Jit g i g
....... ¥ T o AT o

: : 1 .
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Example 4.3 Inverse DTFT  x[n] =7
( Q,=n/N) *
x(e®)=Lts@-a)-Ls@+q,), —r<Q<x
Jj2 Jj2

DTFT of periodic signal for Example 4.3.
26
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Solution: X(e9) :
o) 1 1
X(e?)=—=06Q-0,)-—5Q+Q,), —-7<Q<nx
j2 j2
2 gon TG 5(Q-Q,)
21
2 on G 5(Q+Q,)
2
X[n]: 1 ( 1 JjQn i ]Qn]_ 1 1 e]Qn 1 e_JQ1”
j2\ 2r 21 2w\ 2] 2]
1 .
ZES'”(QW)

27
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Problem 4.3

DTFT = ?

(a) x[n]= COS(77zn/16)
(b) x[n]=2cos(37n/8+713)+4sin(zrnl2)

+00

(c) x[n]= Z 5[n—10k]

k=—o0

DTFS X[K] =
DTFT DTFS = DTFT

28



‘qe71 dsa % oipny

&/
Convolution & Multiplication with Mixtures
of Periodic and Non-periodic Signals

FT
DTFT

29
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WO =x()¥h(t) < Y(jo)=X(jo)-H(jo)

FT
() o X(jo)=21Y X[k 8(o-ko,)

X[k] FS ( FS FT)

30
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(cont.)
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Y(jw)=X(jo) H(jo)

() =x(O)*h(t) o Y(jo)=27 Y X[K6(w-kay) H(jo)

k=—0

H(ja))-5(a)—ka)o): H(jka)o)-5(a)—ka)o)

WO =xO)#h(t) © Y(jo)=2rY Xk 80— ka,)H(jko,)

k=—o0

31
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|

27X [0]H (j0)
‘ 27X[2)H (j2ax)
-

-

| —2(00\ G\Za)o

27X [1]H (j )

-

32
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Example 4.4

x(t)

0

Lt

a)O:272/4:%

h(t) = (1/rt) sin(nt)

33



Audio & DSP Lab.

——
—
|||||| = —-—-=------|-1
—s = —
>
= s = =
£l [ |
| |
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e
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Ex. 4.4 Solution

X[k] _ %jﬂz

-T2

x(t) e " dt

1 2
= e
4\ — jkr
jk2r

35
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Solution: (cont.)

kr

(1) = i X(i e

X[k]l 27z5! a)—%” | !: 27zi X[k] .5(

k

o0

X(jo)y= )

fk=—00

k

25 7) oo

kﬂj
a)__
2

kx

7

2

36
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Solution: (cont.)

Y(jw)=X(jo) H(jo)

Y(jo)= 25(w+%j + 75(w)+ 25((0—%)

TFT \
y(t) Zlej? +£+ie_j5t :£+1 ej? +e_f?
7T 2 >

:EJFE (ej5t+e_j?)/2 :£+Eco wl
2 S+ cog =




‘qe71 dsa % oipny

¢

LTI

Problem 4.4

h(t) = 2cos(4nt) sin(mxt)/(wt)

FT

38
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P 4.4 Solution

Hint: h(t) = 2cos(4xt) sin(xt)/(xt)
sin(rnt)/(nt) <> __

2c0s(4mrt): 47

S H(ow) = band pass filter

FT =

W = +7

Solution: y(t) =0

39
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Multiplication of Periodic and Non-periodic
Signal

WO =g(t)-x(t) < Y(jw)=%G(jw)*X(jw)

FT

() o X(jo)=Y X[k 6o-ko,)

X[k] FS

40
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(cont .

g x()) © GUw)x S X[k 60— ka,)

k=—o0

cG(jo)*o(w—kw,) =G(j(w—-ka,)),

)

k=—o0

W) =g(@)x() & Y(o)=Y X[k G(i(w-kay))

41
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G(jw)

-W 0 W

42
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y(t) = g(t) x(1)

Example 4.5

Y(jo) G(jo)

(a)
( b) g(t)=cos(t/2)

Y(jo)

x(1)

2r 2w

Wy =—=——
° T 4

N |

J LD

(

8

43
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Solution The FS representation of x(t):

FSi0y3 _sin(kz/2)

(@)

WO =g(t)x(t) & Y(jo)=G(jo) * X(jo)

= 3" X[k 6(j(w-

k=—o0

27 2 % _ Z Sln(k72'/2)
T 4 2 fe=—o

S
I
I
I

ka)o))

G(j(w—krl2))

44
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Solution (cont.)

(b) g(?)=cos(t/2), a)c:%

FT 1 1
g(t) & ﬂ&(w—aj + 7z5(a)+§j

WO =g(t)x(t) & Y(jo)=G(jo) * X(jo)
= > X[k] G(j(w—kay))

k:

_*Z‘O Sln(k72'/2) G(j(w—kr!2)

45
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Solution (cont.)
- (1) =g(@)-x(2) o Y(jo)=G(jo) * X(jw)

Y(o)=S XK G(j(o—kay))

f=—o0

_ i Slﬂ(kﬂ'/Z)

](a) k7z/2))

k=—o0
— Z Sm(kﬂ/z) o a)—%—kﬂ/Z + 770 a)+%—k7z/2
k=—o0

- Z Sin(kz/2) (5(w—1—kﬂ/2j+5(a)+l—k7z/ZD
k 2 2

)

46
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+00

Y(jo)= )

k=—o0

Solution for Example 4.5 (b)

k

sin(kr /2 (5(w_%_kﬂ/zj+5(

a)+1—k7z/2
2

a7

)
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m(t):
cos(m, t):

FT

Example 4.6
(AM)

r(t) = m(t) - coslw )

FT
cos(wt) < ndlw-w)+rd(w+o,)

1

r(t) < R(ja)):2—M(ja))*[ﬂ5(w—wc)+7z5(a)+a)c)]

T

— %M(j(a)—a)c)) +%M(j(GJ+COC))

48
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g =r()-coslor) > SR(i(o-0)+2R((0+0,)

FT

cos(m, t): cos(wt) < ndlw-w)+rd(w+o,)
g0) & GUo)=—RGo)*[w(0-0,)+ w0+ o,)

T

1 1

= ER(j(a)—a)c)) +§R(j(a)+a)c))

49
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N\
r~—
N

spectrum M(jo) :

R(jo) =%M(j(w—coc))+%M<j(w+wc»

spectrum G(jo) :

¢t) < G(jo)

Glja)= 3| 3 M (0=, ~a) + SM((0-0. )

+%BM(j(a)+a)c ~@,)) +%M(j(60+60c +a)c))}
1 1 1

~ ZM( j(0-2w)) +§M( j(@)) toM (j(o+20,))

50
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Ro
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0))
T
o mit) r(t) rit) g(1) s v(1)
cos V.1 cos V.1
tran.‘;r;mittcr rccr::{vcr
(a)
mii) D=V MUU]
FT /1\
\/’\ - »
0o N\ _— | 0 “'
-W W
(b)

(a) Simplified AM radio transmitter and receiver.

(b) Spectrum of message signal.

ol



‘qe71 dsa % oipny

¢

Signals in the AM Transmitter
and Recelver

Signals in the AM
transmitter and receiver.

(a) Transmitted signal r(t)
and spectrum R(jm).

(b) Spectrum of g(t) in the
receiver.

(c) Spectrum of receiver
output y(t).

52
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: Example 4.7

’ DTFT
( 2M+1  Xx[n] )

X(ejQ)=127[5(!2—7—ﬂj+127[5(9+7—ﬂj12ﬂ5(§2—9—ﬂj+12ﬂ5(9+9—ﬂj
2 16 2 16 )2 16 2 16
=7r5(£2—7—7zj+7z5 Q+7—7Z + 710 Q—g—ﬂj+7r5(§2+9—ﬂj
16 16 16 16

53
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yIn] = x[n]-win]

W] = 1 ‘n‘SM
He 0, ‘n‘>M

Ex 4.7 Solution
y[n]

W(e

jg)_sjn(g(2M+1)/2)
En(Q/2)

X[n]
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= =
—
—

Q Q . Window

—10
-3 - | 1] 1

1]

Effect of windowing a data record. Y(e?) for different values of M,
assuming that Q, = 7x/16 and Q, = 91/16.

(@) M =80, (b) M = 12, (c) M = 8. .
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Problem 4.7

DTFT

yIn] = x[n] +x[n] - z[n]

(a) z[n]=(-2)"
(b) z[n]=2cos(znl?2)

56
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Solution:

DTFT

(@) Anl=(1)"=e’™ < Zz(?)=2x5Q-7)

DTFT

vnl=x{n]+xn]-z[n] < Y(")

Y(e®) = X () +— X (e/) % 27 5(Q— 1)
27

= X(e/%)+ X (/@)

57
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Solution:
DTFT | T -
(b) An]=2cos(nz2) z(efﬂ)zzﬂa(g_i}zﬂa(mgj

DTFT

Anl=xn]+x{n]-z[n] <  Y(™)

V(€)= X (") +—— X (") #| 276 (Q _Ej N 27;5(9 +£j
21 2 2
j(©@-2) j(@+7)

=X+ X(e 2)+X(e ?)

58
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Solutions to Problem 4.7

Ve Y (™) = X (/) + X (/)

% 2 P P
2p p : o B p 2p
(a)
Y(e /)
|
/7 N 7N 72 A
/ v v \
7 VAR BVZ2RN \
: 7 4 \/ﬂ oS . £2
P P — 5 5 P P
(b)

J(Q-2)

: : (Q+ 7
Y(e®) = X(e™)+X( 2)+X( 2) =
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o d
F
o 0 ¢
o X(t) = elot g[n] = x(nT) = el "
* g[n] = x(nTy)
I Ex: N=10, .. Q,=27/N=xl5
2= ol if T=5 , T =1/2
° w, =2715=2715,
Q, =, =27/512, x5
T

W
60



‘qe71 dsa % oipny

¢

F DTFI

X[n]

DTFT €= FT: (Q=oT,)

X(jo)=X (")

Q=wl

DTFT: X(e®)= ) x[n]e™

n=—o0

400 .
Z x[n] e/

n=—o0

61
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+00 ‘
Z x[n] e/""

n=—o0

X(jo)=X(e")

Q:a)TS:

FT .
S(t—-nT) < e’/ Time-shifting property

+00

x5 (2) = Z x[n] 6(¢t —nT)) <F—T> X, (jo)= i x[n] e 7"

n=—o0 =—60

e

X[Nn]

{Hint: DTNS FT } 62
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x[

3__

nj

il
T T o T | .
ERREERS
A
Impulse conversion
x5(2)
3
111
oy T -
I -T, : T, 3T, l

T

t

DTFT

FT

Relationship between FT and DTFT
Representations of a Discrete-Time Signal

63
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Example 4.8
DTFT pair FT pair =7
x[n] = a"u[n] D(ZT X(e) = 1_.9
1—ae™
Solution: i_______________________j
let Q=wl
FT 1
x(t) © X(jw)= —
1—ae ™"

64
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Problem 4.8
FT .
(@) T,=1/2 ] = Sln(37zn/8)
(b) T,=3/2 TN
Solution: T =25 x(e”)
DTFT .
x[n] © X(e’Q)
i i
Periodic Spectrum : " ~anl8 3718 z
= 1, |Q<37/8

X(ejQ): Z x[n]e " =

N=—00

0, 3r/8<|Q <7

65
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Solution:
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FT

Periodic Spectrum

@ T.=12 20=Q/T.=20

(b) T.=3/2 > 0=QT =23

X, (je) T=2n/T,=4n
. o
—4p 2p _3p | 3 2 4p
4 4
0
(a)
X,(jo) T=2n/T,=4n/3
4 2 _p | p 2 4p
3 3 4 4 3 3

66
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F DTFS
N x[n]  DTFT
x[n] Dg X () = Zﬂi X[k 6(Q-kQ,)
k=—00
X[k] DTFS Q=0T FT

S

FT . +00
An]l < X(jo)=X(E")=2z> X[k] (T, —kQ)
k=—00
{Hint: DTPS FT ) &



‘qe71 dsa % oipny

\

Q=0T, FT

FT

Al & X(jo)=Xx(")=22 X[k 6(oT. —kQ,)

=2 i X[k] 5(TS(CO—on/TS))
5(aa))=15(0))

X(" =27y XK 8(T.(0-kQy IT,))

k=—00

-y XK 8((0-k0y 1)

68
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Problem 4

9

x[n] = cos(2z n/ N)

(DTPS)

FT pair =?

Solution:
1 1 o,
x[n] = COS(27zn/N) A
. 27
period = N, Q) Y
Hint: DTFS - DTFT
DTFT > FT Q=oT,

69
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Relationship between FT and DTFS representations
of a discrete-time periodic signal
*n] X Qo =27 N
--WHT??TT”T??TTHT??T o713 0 ﬁ‘i‘?éﬂm?jmh&ﬂwk
Ilmpu]ﬁe conversion o = Q/]'; Ilmpulﬁa conversion
T X,(jo)
i tllta, ettty atliy ol o
_2p 0\' J
o T 2p T,

X[n] X[n] T
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