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Chapter 2 Modeling in the Frequency
Domain
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Note: The input, »(¢), stands for reference input.

The output, c(¢), stands for controlled variable.
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= < & 3% (Laplace Transform)
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Item no. f(t) F(s)
1. o(7) 1
2. u(t) .
3. fu(t) 1
S
n!
4. " u(t) i1
5. e u(r) !
s+ a
6. in wru(t @
sin wiu(t) T2
7 cos wiu(t) a
. s2 + w2
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SE A XS
ltem no. Theorem Name
1. LIf(D)] = Fls) = J f(t)e*dt Definition
0_
| A LLkf(1)] = kF(s) Linearity theorem
e 3. L0 + ()] = Fi(s) + Fa(s) Linearity theorem
4, Ple ()] = F(s +a) Frequency shift theorem
. ). -] = e TFs) Time shift theorem
0. [ f(at)] = lF(E) Scaling theorem
a d
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=P N 4
[ df . -y
7. ¥ - = sF(s) — f(0-) Differentiation theorem
[ d2f | ) - . -
8. ¥ ) = s°F(s) — sf(0—) — f(0—) Differentiation theorem
I— _d?lf' n L3 n—rk re—1 . .
— 9 S |—= = s"F(s) — > " % 1(0—) Differentiation theorem
— dt" | k=1
I—— ~
t
F
10. ¥ J f(71) dr] = g Integration theorem
0_
11. £(e) = ling) sF(s) Final value theorem!
‘12. £(0+) = lim sF(s) Initial value theorem?
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=Ex:
>z 4 f (1) = Ae *u(t) e

ME -

F(s) = j0°° f (t)e Sdt = jo“’ Ae et

A

o P
S+a

A
‘\\\\_ S +a
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=Ex
1
>;-|£5‘ Jl\ F(S)= =z03 ﬂLf_j“
(537 i
siz — tu(t)

o = e tu(t)
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Pl F(S)A® 53 7 kg i

95
. N (s)
(S+p)(S+Py)---(S+py)---(S+ Ppy,)

Kk Lk k

m \ n

= +oee 4 &
(S+ pl) (S+ pz) (S+ pm) (S+ pn)
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-5
= . N (5)
— (5+p) (s+p,)-(s+p,)
kl k2 kr kr+n—1
—_ _|_ L _|_..._|_ 00 G
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N (s) N (s)

D(s) (s+ P (s’ +Qgs+Tr)---
K, i K,S + K, ¥
(s+ p,) (s*+qgs+r)
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Ex:
> Y'(t)+12y'(t) + 32y(t) = 32u(t)
» # ¢ y'(07)=y(0)=0

y'(t) = s*Y(s)—sy(07) - y'(0")
y'(t) > sY(s)-y(0")
u(t) —>%

S?Y (S) +12sY (s) +32Y (s) = £
S

Y (S) =

32
\ s(s® +12s +32)
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Y(s) = — 32 _ 32
s(s®+125s+32) s(s+4)(s+8)
kK, k, ) 1
=14 + == +
s (s+4) (s+8) s (s+4) (s+8)
Vo)1 2 1
i & S (s+4) (s+8)

y(t) =u(t) —2e*u(t) + e u(t)

y(t) =(1-2e" +e*)u(t)
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>2y" (1) +9y'(t) +7y(t) =6
» 29 y'(07)=y(0)=0
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EX:
> F(s) = 2 . K, N K, iy K,
(s+1)(s+2)° (s+1) (s+2)° (s+2)
2 P g .
! I(1_(s+2)2 H_l_z’ k2_(s+1)8+2 :
— e dE (s) =2 .
-y ds |, (s+DP|_,
Y (s) = 2 2 2

s+1 (s+2)2 (s+2)

1
b, ;;Ni\ y(t)=(2e " —=2te " —2e " )u(t)
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3
Ex: |:(S)_s(52+23+5)
K ks ek
s (s +25+5)
3

3
K, =— —
(s“+2s+5)| , 5

3R S AR
3=k, (s* +2s+5)+k,s° +kS

:—(s +25+5)+k,s° +K,S
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A(s+a)+Bw

3 6
—— o — = K,S + K,
5 ) ) S®+qgs+r
ST 25 S AGs +a)
3 3 (s+a)*+o°
—g(s+1)—g -
(S-|-1)2-|-22 (s+a)° + o’
3 S
(s +1 e
5+ A5
Gl e 2 (5 IR

(s+a) + o’

— Ae ¥ cos wt

— Be ®sin ot
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e —
*EX:F(s) = s(s + 2)(s + 3)?

kK K, K,
+ +

S (s+2) (e sk i)l

5 0 10

_ 2,

S

SUBC T 13
(s+2) (A 3=NE™ 3)¢

5 40 10
f)==—-5e ' +—e' +—te ™
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=& # 3 #(Transfer Function):T(s)

o 3 ) Y (s
| PR L, JN PR}
R(s) Y (s) R(S)| s
L PnIESMpEARREA S
= I e
— a 3V o y()+---+aoy(t)

" dt" ot

d™r(t) d™r(t)
b +b +---+b,r(t
— a s"Y(s)+a_ ,s"Y(s)+---+a,Y(s)

- =b _s"R(s)+b__,s"'R(S)+---+b,R(S)
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(a,s"+a, _,s" +--+a,)Y(s)=(b,s"+b_,s" " +---+b,)R(S)

Y () T (s) = b s™+b . s"+...+b +b,
R(s) as"+a ,S""+---+a, +a,
R(s) _ (b,,s™+ b, 1"+ ..+ by Y (s) _

(a,s"+ an_lsn—l AE g e a(})
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Ex'aéi FH 3 BT(S) » Fr()=137Fy(t)

P2y =0

A Y
SY(5) +2Y () = R(s) = T (5) =~ _

-

o N\ -
—
System(1) \

1
R(s) s+2
Y(s)=T(s)- R(s)——lz EZE;O-;
S S S S Jn
g-l
g y(t)=> - —e?
2 2
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Ex:3& £ 4&# 8T (s)
d°y(t) L d’y@® ,dy(t) /(1) - d’r(t)  ,dr(t) +3r(t)
dt® dt? dt at* gt |
Sol: j

S°Y () 4+ 3s°Y (S) + 7SY (S) + 5Y (s) = s°R(s) + 4SR(s) + 3R(s)
= (s°+3s°+7s+5)Y (s) = (s* + 45+ 3)R(s)
Y (s) S° +4s+3

RRS) = ——=
(5) R(s) s°+3s°+7s+5
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I—
—
I——

‘ Iﬁ':—,; '-’?.::'
\W\" -
Co System(1) \\ 24



Chapter 2

Ex:ixd 4 S8T(s) &0 H R e A 3 f)

T(s)—w— 25+1
" R(s) S?+6S5+2

Sol:
(s°+65+2)Y(s)=(2s+1)R(s)
= S°Y (S) +65Y (S) + 2Y (s) = 2sR(s) + R(s)

dy(t) . dy(t) ., dr(t)
it + 6 it +2y(t) =2 o + r(t)
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=T B2 EAS S Hk
T = V.(s)=RI(s) TR = V. (s)=sLI(s)
V(s)

1
T % = V.(s)=—1I1I(s HEET - P/ (GRS "
v P c () CS() (S) 1(5)

jo——
— o dV(D) 1 1
— S T W) = — f inydr i) = € YORRY - Cs
= Capacitor
— AAN— e 1 0 1
v(t) = Ri(?) i(t) = I_Qv(t) v(t) = RT R 7= G
Resistor
— 0000 — vy = L% i) = %f Wr)dr W) = Ldquf) Ls Lis
Inductor 0

Note: The following set of symbols and units is used throughout this book: w(#) = V (volts), () = A (amps),
q(t) = Q (coulombs), C = F (farads), R = ) (ohms), G = U (mhos), L = H (henries).

‘.‘
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Ex:iZ £ » TRETF LRI EH ¥k

di(t)

: 1 ¢t.
g L= R.(t)+6jo i(r)dz = v(t)
&

sLI(s)+ RI(s) +i 1 (s) =V (s)
sC

\"_‘.-_ —
—_—
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(sL + R+i)l (s) =V (s)
sC

= 1(8)= 1 V)= LCsZi(;aCsHV(S)
SL+R+—
sC
SV (8) = 1(8)=—————V(s)
sC LCs®+ RCs +1
Ve(s) 1
V(s) LCs?+RCs+1
V(s) 1 V()

" 2
\_ LCs® + RCs+1
Co System(1)
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Ex:id g » TRET
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v(1) Ct) L
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— Ve (1)

L \\

29



Chapter 2
R,

AM—

1 o
= Cs T
[(s) (s

. )
[ RL(9)+SLIL(8) - 1,(s)]=V (5)
sL[I (s)—1.(s)]+R,I,(s)+ 1CI (s)=0
N 30
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'R, +sL —sL 1 L) [VE)
| —sL R, +sL+—1]1,(s) _{ o}

sC

>4 % Cramer ;= R

R, +sL V(s)
! —sL 0 sL
— 1,(s)= = V (s)
— R 1 L | RR LR +R,)s+ S
S5l R, +sl+— sC C
sC
1,(s) _ LCs?

=T (s) = V (s)

. \\ Ve - LC(R, +R,)s*+(RR,C+L)s+R,
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